THE MASTER FIELD ON THE PLANE 



THIERRY LEVY 

Abstract. We study the large TV asymptotics of the Brownian motions on the orthogonal, uni- 
tary and symplectic groups, extend the convergence in non-commutative distribution originally 
obtained by Biane for the unitary Brownian motion to the orthogonal and symplectic cases, 
and derive explicit estimates for the speed of convergence in non-commutative distribution of 
arbitrary words in independent Brownian motions. 

Using these results, we construct and study the large TV limit of the Yang-Mills measure on 
the Euclidean plane with orthogonal, unitary and symplectic structure groups. We prove that 
each Wilson loop converges in probability towards a deterministic limit, and that its expectation 
converges to the same limit at a speed which is controlled explicitly by the length of the loop. 
In the course of this study, we reprove and mildly generalise a result of Hambly and Lyons on 
the set of tree-like rectifiable paths. 

Finally, we establish rigorously, both for finite TV and in the large TV limit, the Schwinger- 
Dyson equations for the expectations of Wilson loops, which in this context are called the 
Makeenko-Migdal equations. We study how these equations allow one to compute recursively 
the expectation of a Wilson loop as a component of the solution of a differential system with 
respect to the areas of the faces delimited by the loop. 
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Introduction 

0.1. The Yang-Mills measure. The Euclidean two-dimensional Yang-Mills measure is a prob- 
ability measure which was defined, first by A. Sengupta |35| and later in a different way by the 
author |25| [28] , as a mathematically rigorous version of one of the functional integrals which 
occur in quantum field theory, more precisely in quantum gauge theories. 

The two-dimensional Yang-Mills measure is specified by the choice of a compact surface S, 
which plays the role of space-time and which we shall assume to be oriented, a compact connected 
Lie group G, and a principal G-bundle tt : P — )• E. The surface S is endowed with a volume 
form, and the Lie algebra q of the group G is endowed with an invariant scalar product (•, •). 

This data allows one to define, on the affine space A{P) of connections on P, the Yang-Mills 
functional, which is the real-valued function Sym : -^{P) ~^ ^+ defined as follows. For all 
connection 1-form uj S ^1^{P) ig) 0, let $7 be the curvature of uj. It is a 2-form on S with values 
in Ad(P), the bundle associated with P through the adjoint representation of G. Dividing fl 
by the volume form of S yields a section of Ad(P) which we denote by *Q. The invariant 
scalar product on g endows each fibre of Ad(P) with a Euclidean structure, and (0 A *Q) is a 
real-valued 2-form on S which can be integrated to produce 

the Yang-Mills action of uj. 

For the purposes of physics, the Yang-Mills measure is described by the formula 

(1) AiYM(rf^) = ^e-s^^MH 

where Duj is a regular Borel measure on A{P) invariant by all translations and Z is the normal- 
isation constant which makes a probability measure. Unfortunately, Duj does not exist and, 
even pretending that it does, Z appears to be infinite. 

The mathematical approach to this formula consists in constructing, rather than a probability 
measure on A{P), the probability measure which should be its image under the holonomy 
mapping. Indeed, each element uj of A{P) determines a holonomy, or parallel transport, which 
for each suitably regular path c : [0, 1] — )■ S is an equivariant map //^^c : -fc(o) ~^ -^c(i)- Choosing 
an origin o G S and a point p £ Pq, the holonomy of each loop I based at o is completely 
described by the unique element h oi G such that //u),i{p) = ph. All choices being understood, 
we shall denote this element h by hol(a;, /). 

A class of loops which turns out to be appropriate is the class of rectifiable loops, that is, the 
class of continuous paths with finite length. We denote by Lo(S) the set of rectifiable loops on 
S based at o, taken up to reparametrisation. When parametrised by arc length, each element 
of Lo(S) admits a derivative at almost every time, which is essentially bounded, and of which 
it is the primitive. As long as the connection is smooth, the differential equation which defines 
the parallel transport along such a loop is well defined and has a unique solution. 

Rectifiable loops can be concatenated and the holonomy is anti- multiplicative, in the sense 
that for all li,l2 G Lo(S), one has hol(cL!, l^"^) = hol(cj, h)"'^ and hol(a;, /1/2) = hol(a;, /2)hol(a;, li). 
The monoid Lo($]) can be turned into a group, which we still denote by Lo(S), by taking the 
quotient by the sub- monoid of tree- like loops, which is the closure in the topology of 1-variation 
of the normal sub-monoid generated by all loops of the form cc~^, where c : [0,1] — )• S is 
an arbitrary rectifiable path starting at o and c'^(t) = c(l — t). The holonomy of a smooth 
connection is then a group homomorphism hol(ci;, •) : Lo(S)°^ — )• G, where Lo(S)''p is the opposite 
group of U(S). 
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The definition of the homomorphism hol(a;, ■) depends on the choice of the point p in Pg. In 

order to get a more invariant picture, one must take into account the action on A{P) of the 
gauge group Aut(P), which is the group of bundle automorphisms of P. The group G acts by 
conjugation on Hom(Lo(S)°P, G) and the holonomy mapping is the following injective map: 

hoi : ^(P)/Aut(P) Hom(U(S)°^', G)/G 
H^[hol(a;,-)]. 

Since the Yang-Mills action 5ym is invariant under the action of the gauge group Aut(P), and 
since this group acts by affine transformations on A{P), the Yang-Mills measure //ym should 
be invariant under the action of Aut(P). There is thus, in principle, no information lost if one 
looks at the Yang-Mills measure through the holonomy map. 

The mathematical Yang-Mills measure is a probability measure on Hom(Lo(S)°^', G) which is 
invariant under the action of G. We denote this measure by YM and we think of it as being 
related to the physical Yang-Mills measure /iyM by the relation YM = /iym ohol~^. The measure 
YM is thus the distribution of a collection (i^/)ieLo(S) of G-valued random variables. 

In the present work, we consider the case where the surface S is the Euclidean plane M^. This 
is not a compact surface, but we can think of it as the increasing limit of a sequence of disks of 
large radius, and nothing changes in the picture which we have described so far. We naturally 
take the point o to be the origin of denoted by 0. 

In this case, which is in fact the simplest case, the distribution of the collection (-ff;)ieLo(K2) 
of G-valued random variables is fully characterised by the following properties. 

YMi. It is anti-multiplicative in the sense that the equalities H^-i = Hj^^ and Hi^i^ = Hi^Hi^ 
hold almost surely for any two loops li and l2- 

YM2. It is stochastically continuous, in the sense that if (Zn)n>o is a sequence of loops 
which converges in 1-variation towards a loop /, then the sequence (Hi^)n>o of G- valued random 
variables converges in probability towards if;. 

YM3. Its finite-dimensional marginal distributions can be described as follows. Consider a 
graph G traced on M? such that is one of the vertices of G. Let Lo(G) denote the subgroup 
of Lo(M^) consisting of the loops which can be formed by concatenating edges of G. It is a free 
group of rank equal to the number of bounded faces delimited by G. This free group admits 
particular bases, indexed by the set F'' of bounded faces of G, and which we call lasso bases. 

A lasso basis is a set of loops {Xp '■ F ^ F^} such that for each bounded face -F, the loop 
Xp follows a path from to a vertex located on the boundary of F, then goes once along the 
boundary of the face F, and finally goes back to backwards along the same path. Moreover, 
we insist that it is possible to order the loops of the basis in such a way that their product taken 
in this order is equal to the boundary of the unbounded face of G, oriented negatively. 

Let us choose a lasso basis {Xp ■ F & ¥''} of Lo(G). The distribution of the collection 
(iJ/)/gLo(G) is completely described by the distribution of the finite collection {Hxp)p^fb, which 
is a collection of independent G- valued random variables such that for each bounded face F, Hxp 
has the distribution of the Brownian motion on G stopped at the time equal to the Euclidean 
area of F. 

By the Brownian motion on G, we mean here the Markov process started from the unit element 
and whose generator is ^A, where A is the Laplace-Beltrami operator on G corresponding to 
the bi-invariant Riemannian metric induced by the invariant scalar product on q. 
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0.2. Large N limits. Quantum gauge theories are used in the description of three of the four 
fundamental interactions between elementary particles, and from this perspective, the group G 
characterises the kind of interaction which one is describing. Corresponding to the electromag- 
netic, weak and strong interaction, are respectively the groups U(l), SU(2) or U(2), and SU(3). 
In the paper [3D] published in 1974, G. 't Hooft, who was trying to understand better quark 
confinement, considered gauge theories with larger structure groups, namely the unitary groups 
U(A^), and observed that many quantities of interest become simpler in the limit where N tends 
to infinity. 

After the publication of this seminal work, the large behaviour of gauge theories was 
extensively studied by physicists (see for example [22] [231 Ell Elj ) , and the idea emerged that 
there should be a universal deterministic large N limit to a broad class of matrix models (see 
[14j and the references therein). This limit was named the master field and it is the main object 
of study of the present paper. 

In the mathematical literature, there are very few papers devoted to the master field on the 
Euclidean plane. The first ([38]) was published by I. Singer in 1995. In this paper. Singer 
described conjecturally the master field as a deterministic object whose properties would be 
naturally expressed in the language of free probability, and which would give rise, through a 
universal geometric construction sketched by Kobayashi, to a connection on a principal bundle 
over MP with structure group the group of the unitaries of a IIi factor. He also gave, without 
proof, a correct explicit expression of the limit of the expectation of the trace of the holonomy 
along the loop which goes n times along the boundary of a disk of area t, for all t > and all 
n G Z. 

The other mathematical contributions to the study of the master field are due to A. Sengupta, 
who started to investigate the problem in \36\ I37j . and, during the preparation of the present 
work, gave with M. Anshelevitch in [IJ the first construction at a mathematical level of rigour 
of the master field on the plane. Their approach is based on the use of free white noise and of 
free stochastic calculus. It differs from the one which we follow here pretty much in the same 
way Sengupta's original construction of the Yang-Mills measure [35\ differed from that given by 
the author in [28j. 

Let us mention that the large N limit of the two-dimensional Yang-Mills theory was specifically 
studied by Gross, Taylor and Matytsin |151 [T6l 117] . but in relation with string theory rather 
than with the master field. We studied some of the formulas displayed in these papers in our 
previous work [27], but we do not pursue this investigation in the present paper. 

0.3. The master field. The master field is a non-commutative stochastic process indexed by 
Lo(M^), that is, a collection (/iz);gLo(K2) of elements of a complex involutive unital algebra A 
endowed with a tracial state r. The distribution of this process, which is by definition the 
value of T{h^i^ . . . hf^) for all r > 1, all/i, . . . , £ Lo(IK^) and all ei, . . . , G {1, *}, is uniquely 
characterised by the following properties. 

MFi. It is unitary and anti-multiplicative in the sense that the equalities /i^-i = /i^^ = h^^ 
and hi-^i^ = hi^hi-^ hold for any two loops h and l2- 

MF2. It is continuous, in the sense that if (/n)n>o is a sequence of loops which converges in 
1-variation towards a loop /, then the sequence (/iz„)n>o converges in L?'{A,t) towards hi. 

MF3. For each graph G traced on such that is one of the vertices of G and each lasso 
basis {\f : F £¥^} of Lo(G), the finite collection {hxp) 

F£W^ is a collection of mutually free 
non-commutative random variables such that for each bounded face F, h\p has the distribution 
of the free unitary Brownian motion taken at the time equal to the Euclidean area of F. This 
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means that if F has area t, then for all n G N, one has the equalities 

/ j.\k / \ 

This description of the master field is of course meant to emphasise its close relationship to the 
Yang-Mills process. Let us emphasise a specificity of this anti-multiplicative non-commutative 
process indexed by a group. The properties of anti-multiplicativity and unitarity imply that the 
distribution of the master field is completely described by the complex- valued function 

$ : Lo(m2) — > C 

l^T{hl). 

Indeed, any quantity of the form T{h^^ . . -hff) can be computed from $ alone because it is 
equal to $(/^'' . . .l^^), with the convention that I* = for any loop I. From a more abstract 
point of view, the function <I> extends by linearity to a state on the complex algebra of the group 
Lo{M.'^yP and on the pair {A, r) = (C[Lo(M^)°'P], the non-commutative process {hi = OzeUCM^) 
is a realisation of the master field. 

The main results of the present work are the construction of the master field as defined by 
the properties above, the convergence of the Yang-Mills process with structure group SO(A^), 
U(A^), or Sp(A^) to the master field as N tends to infinity, and the computation of the function 
As we shall explain now, this involves a study a the large limit of the Brownian motions 
on the unitary, orthogonal and symplectic groups. 



0.4. Brownian motions. Among the three properties which we used to characterise the Yang- 
Mills measure, the most specific is the third, which involves the Brownian motion on the compact 
connected Lie group G. Taking the large N limit of this measure means setting G = U(A^), the 
unitary group of order N, and letting N tend to infinity. It is thus not surprising that the first 
step in the study of the master field is the study of the large N limit of the Brownian motion 
on U(A^). 

The description of the limit and the proof of the convergence were achieved by P. Biane in 
1995, in [3]. Let us recall his result. For each A^ > 1, endow the Lie algebra u(A) of the 
unitary group U(A) with the scalar product (A, y)u(7v) = — ATr(Ay). Denote by {UN,t)t>o 
the associated Brownian motion on U(A) issued from the identity matrix 1^. The random 
matrices {Un^i : i > 0} form a collection of elements of the non-commutative probability space 
(L°°(ri, <g) MAr(C),E O ^Tr), where (0,-F,P) denotes the underlying probability space. 
Biane proved that the non-commutative distribution of the collection {UN,t : i > 0} converges, 
as N tends to infinity, to the distribution of a free multiplicative Brownian motion, which is by 
definition a collection {ut : t > 0} of unitary elements of a non-commutative probability space 
{A, t) such that the process {ut)t>o has free and stationary increments, and such that these 



increments have the distribution whose moments are given by (26) and (27), and which are also 
those of 

To say that there is convergence of the non-commutative distributions means that for each 
integer r > 1, all ti, . . . , ir > and all ei, . . . , G {1, *}, one has the convergence 



hm E 

Af-s>oo 



1 

N 



Tjei 



Tj£r 



T{ull...uZ). 



The first result of the present work extends Biane's convergence result to Brownian motions 



on the special orthogonal and symplectic groups (this is Theorem 2.2). With the appropriate 
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normalisation of these Brownian motions, the hmiting non-commutative process is the same as 
in the unitary case. 

This first result, combined with previously known results of asymptotic freeness, suffices to 
imply the existence of a large limit to the collection of random matrices (-ffO/eLo(G) when G 
is any graph on M? containing the origin as one of its vertices. In fact, it even allows to prove 
the existence of the large limit for all piecewise affine loops at once. 

At this point, there is no information about the speed of convergence of E [-^Tr(//;)] to r(/ij) 
when I is piecewise affine, and it has yet to be proved that a similar convergence holds for an 
arbitrary loop I. 

Given an arbitrary loop I, we can approximate it by a sequence (/n)n>o of piecewise affine 
loops, and we have the following diagram: 



^{hj 

The top horizontal convergence is granted by the stochastic continuity of the Yang-Mills measure 
and the left vertical convergence by our study of Brownian motions and our understanding of 
the structure of the group of loops in a graph. 

In order to complete the diagram, we prove, and this is the second result of the present work, 
that the left vertical convergence occurs at a speed which is controlled by the length of the loop 
In- More precisely, we prove (see Theorem 5.6) that for each piecewise affine loop Z^, whose 
length is denoted by i{ln), and for all A^ > 1, we have the inequality 



(3) 



E 



This is strong enough to allow us to conclude that the master field exists, is the large A^ limit 
of the Yang- Mills field, and has the properties by which we characterised it above. In fact, we 
prove not only that the expectation of j^Tt{Hi^) converges, but in fact that the random variable 
itself converges in probability, with an explicit bound on its variance. 

In order to prove ([s]), one expresses the loop In as a word in the elements of a lasso basis of 
a graph, and then applies a quantitative version of Theorem 2.2 our first result of convergence. 
It is thus on one hand necessary to control the speed at which the expectation of the trace 
of a word of independent Brownian motions converges to its limit, and this involves a certain 
measure of the complexity of the word. This is done in Theorem 3.4 It is on the other hand 



necessary to prove that, by an appropriate choice of the lasso basis of the group of loops in a 
graph, the complexity of the word which expresses a loop in this graph can be controlled by its 



word which we use, see (53). 



length. This is done in Proposition 5.11 For a definition of the measure of the complexity of a 



The final product of this study is in a sense nothing more than a complex-valued function on 
the set of rectifiable loops on , the function <I> defined by 

1 



(4) 



V/ G Lo(M^), «>(/) 



P-lim— Tr(if/). 



We prove that the function $ is in fact real- valued, satisfies $(/ 



^{l), is bounded by 1, 



and continuous in the topology of 1-variation (see Theorem 5.22). 



In the course of our study, we devote some attention to the structure of the set of loops 
Lo(M^). We explained at the beginning of this introduction that it is naturally a monoid, and 
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that it can be turned into a group by taking its quotient by an appropriate sub-monoid. The 
crucial technical ingredient of this construction is due to B. Hambly and T. Lyons [19], and 
it is in their work a consequence of a difficult theorem which states that a rectifiable path is 
uniquely characterised by its signature. We offer a more elementary proof of the property which 



is needed for the construction of the group Lo(M^) (see Proposition 5.18). Our proof is based 
on classical topological arguments, in particular on a result of Fort [TT] in the proof of which 
we fill a small gap. The method applies in a slightly more general setting than what we strictly 
need, and applies to loops which are not necessarily rectifiable, but whose range has Hausdorff 
dimension strictly smaller than 2. 

At a somewhat heuristic level, it seems in the end that the function <I>, which is thus defined on 
the genuine group Lo(M^), can be thought of as the character of an infinite-dimensional unitary 
self-dual representation of this group. We feel that a geometrically natural realisation of this 
representation has yet to be given, and that the work of Anshelevitch and Sengupta [1] might 
contain promising leads in this direction. 

0.5. The Makeenko-Migdal equations. Since all the information about the master field is 
contained in the function <I> : Lo(M^) — t- [—1, 1], it is natural to seek efficient ways of actually 
computing it. The last section of the present work (Section[6]) is entirely devoted to this question, 
and is inspired by the work of several physicists on this problem, in particular Kazakov, Kazakov 
and Rostov, and Makeenko and Migdal [22l [23t [3T] . 

Taking advantage of the continuity of $, we restrict our attention to the class of loops, which 
we call elementary, which have transverse and finite self-intersection. For such a loop /, the 
strategy is to see as a function of the areas of the bounded connected components of the 
complement of the range of /. This is consistent with the approach which we used to derive 
quantitative estimates for Brownian motions in Section [3) 

Our first result is that for all elementary loop I, the number <!>(/) and each of its approxima- 
tions E [-^Tr(i?;)] can be computed by solving a finite first-order linear differential system with 



constant coefficients. This is Theorem 6.19 The system is however very large in general, and 
this theorem is far from providing us with an efficient algorithm for the computation of ^. 

The key to the improvement of this result is the discovery by Makeenko and Migdal that the 
alternated sum of the derivatives of with respect to the areas of the four faces surrounding 
a point of self-intersection of / is equal to $(/i)<I>(/2), where li and I2 are the two loops which 
are formed by changing the way in which the two strands of / which are incoming at the self- 
intersection point are connected to the two outgoing strands (see Figure [T]). 





h 

Figure 1 . A graphical representation of the Makeenko-Migdal equations in the 
large limit. The signs indicate with respect to the areas of which faces the 
derivatives must be taken, and with which signs. 

The derivation of this formula by Makeenko and Migdal was based on an integration by parts 
with respect to the ill-defined measure //ym • Our second result is a proof that equations of which 
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the Makeenko-Migdal equations are a particular case hold. This is the content of Propositions 
6.22[ |6.24 and Theorem 6.26 This allows us to simplify greatly the algorithm of computation 



of $ (see Theorem 6.30). Finally, we prove that a system of coordinates proposed by Kazakov 
allows one to simplify even further the formulation of the algorithm (see Proposition 6.36). This 
allows us for example to prove that, the combinatorial structure of a loop I being fixed, and the 
areas of the faces which it delimits being allowed to vary, $(/) is a polynomial function of these 
areas and the exponential of 



6.37 



times these areas. This is Proposition 
It is possible a posteriori to give the following axiomatic description of the function It is 
the unique real- valued function on Lo(M'^) with the following properties. 



$1. It is continuous in the topology of 1-variation. 

$2- It is invariant under the group of diffeomorphisms of M.'^ which preserve the area. 
$3. If / is the constant loop at the origin, then $(Z) = 1. 

$4. For all elementary loop /, the derivative of ^{l) with respect to the area of a face adjacent 
to the unbounded face is equal — ^^{l). Pictorially, we have 

dt \ ^ J 2 \ ^ J 
$5. It satisfies the Makeenko-Migdal equations. Pictorially, these write 




In this left-hand side of this equation, we agree to replace the derivative with respect to the area 
of the unbounded face, should it occur, by 0. 

Let us emphasise that the idea, on which the proof of the Makeenko-Migdal equation is 
based, that certain combinatorial features of the unitary Brownian motion can be translated 
into combinatorial operations on loops, in relation with the computation of expectations of 
Wilson loops, can be traced back to the work of L. Gross, C. King and A. Sengupta ^18j. A 
related idea was present in our previous work |26j . 



0.6. The original derivation of the Makeenko-Migdal equations. Before concluding this 
introduction, we would like to describe the way in which Makeenko and Migdal originally for- 
mulated and proved the equation which now bear their names. The striking contrast between 
the mathematically unorthodox character - to say the less - of the derivation of the equation, 
and the beauty and simplicity of the equation itself was one of the motivations of the author for 
undertaking the present study. 



Makeenko and Migdal derived their equation (see Theorem 6.26 ) as a particular instance of the 
Schwinger-Dyson equations, which are the equations which one obtains by formally extending 
the integration by parts formula to the framework of functional integrals. The finite-dimensional 
prototype of these equations is the fact that for all smooth function / : M" — t- M with bounded 
differential, and for all h &W^, the equality 

f 1 II l|2 f 1 II l|2 

/ (i3;/(/i)e~2ll^ll dx = (x, /i)/(2;)e~2ll^ll dx 
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holds. This equality ultimately relies on the invariance by translation of the Lebesgue measure 
on M" and it can be proved by writing 

= - [ f{x + th)e-^2\\-+t^^\\' dx. 

dt \t=0 jRn 

In our description of the Yang-Mills measure /xym (see ([T])), we mentioned that the measure 
Duj on A{P) was meant to be invariant by translations. This is the key to the derivation of the 
Schwinger-Dyson equations, as we will now explain. 

Let : A{P) — )• M be an observable, that is, a function. In general, we are interested in the 
integral of ^p with respect to the measure /xyiM- The tangent space to the affine space A{P) is 
the linear space il^(S) (8) Ad(P). The invariance of the measure Deo yields 

= — / ij{uj + t^)e-|^YM(^+fy) 2)^^ 
dt\t=o Ja{P) 

and the Schwinger-Dyson equations follow in their abstract form 

(5) / d^ipir]) fiyuiduj) = 7^ I ij{uj)d^SYM{'n) fJ-YMiduj)- 
Ja{p) ^ Ja{P) 

The computation of the directional differential of the Yang-Mills action is standard and rig- 
orously grounded, and its main difficulty lies in the careful unfolding of the definitions of the 
objects involved. It is detailed for example in [5]. The expression of d^jSYuiv) is most easily 
written using the covariant exterior differential d'^ : O'^(S) ® Ad(P) — )• r2-^(E) (8) Ad(P) defined 
hy d^ a = da + [oj , a], and it reads 

d^SYu{ri) = 2 [ {r]Ad^*Q). 

Substituting in ([5|, this yields the Schwinger-Dyson equation for the Yang-Mills measure. In 
order to extract information from it, one must choose an appropriate observable and a direction 
of derivation. 

Assuming that G is a matrix group, and with the unitary group U(A^) in mind, Makeenko 
and Migdal applied ([s]) to the observable defined by choosing a loop / on S, an element X £ g 
and setting, for all uj G A{P), 

i>i,x{uj) = TT{Xliol{uj,l)). 

To make this definition perfectly meaningful, one should rather think of X as an element of the 
fibre of Ad(P) over the base point of /. Alternatively, one can choose of a reference point in the 
fibre of P over the base point of /. We will assume that such a point has been chosen, and that 
holonomies are computed with respect to this point. 

If we choose a parametrisation I : [0, 1] — >• S of /, then the directional derivative of the 
observable ipi^x in the direction rj £ il^(S) (8 Ad(P) is given by 

(6) d^i^i^xiv) = - (Xhol(a;,/[4,i])7?(/(t))hol(a;,/[o,t])) dt, 

where we denote by l^^fi] the restriction of I to the interval [a, b]. At first glance, this expression 
may seem to require the choice of a point in for each t, but in fact it does not, for the 
way in which the two holonomies and the term ri{l{t)) would depend on the choice of this point 
cancel exactly. 

The final ingredient of the application of the Schwinger-Dyson equation is the choice of the 
direction r] in which one differentiates. Let us consider the case where / : [0, 1] — )> S is an 
elementary loop, that is, a loop with transverse and finite self-intersection. Let us assume that 
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for some to £ (0, 1), the equality /(to) = ^(0) holds. The assumption that / is elementary prevents 
the vectors l{0) and /(to) from being collinear. Let us assume that det(/(0), /(to)) = 1. Makeenko 
and Migdal choose for rj a distributional 1-form, which one could write as 

Vm G D,Vi; G T^S, rjmiv) = (5m,«(o) det(/(0), f)X. 

Since rj is non-zero only at the base point of /, the choice of a reference point in Pi[o) allows us 
to see r] as a g-valued form rather than an Ad(P)-valued one. On the other hand, since is a 
distribution, the equation ([g]) is not invariant by change of parametrisation of / and this explains 
why we normalised the speed at to by the condition det(/(0), /(to)) = 1. 
With this choice of r], the directional derivative of ipi^x is given by 

duipi,x{v) = -Tr (Xhol(a;,/[tQ^i])Xhol(a;,/[o,to])) ■ 

Let us now specify on the Lie algebra u(A^) the invariant scalar product {X,Y) = —NTr{XY). 
The directional derivative of the Yang-Mills action is given by 

or so it seems from a naive computation. We shall soon see that this expression needs to be 
reconsidered. 

The Schwinger-Dyson equation for the observable ipi^x and the derivation in the direction ij 
as we have obtained it reads 

Tr (Xhol(u;,/r((,^ii)Xhol(u;,/ro,toi)) fJ-YM{duj) = 

A{P) 



N / Tr(Xhol(a;,/))Tr(Xd'^*O(/(0))) ^YM(d^)- 
Ja{p) 

Let us take the sum of these equations when X takes all the values Xi , . . . , Xj^2 of an orthonormal 
basis of u(A^). With the scalar product which we chose, the relations 

iV2 

Y,TT{XkAXkB) = --Tr(^)Tr(S) and Y,Tx{XkA)Ti{XkB) = --Tt{AB) 

k=l k=l 

hold for any two matrices A and B, so that we find 



— Tr(hol(a;,/[o,t(,]))T7Tr(hol(w,/[t^^i])) HYM{du}] 
A{P) 

1 



A{P) ^ 



Tr hol(w,/)(i'"*n(/(0)) HYMiduj). 



There remains to interpret both sides of this equation. For the left-hand side, this is easily 
done thanks to Q, at least in the limit where tends to infinity. Indeed, the integrand 
converges to the constant $(/[o,4o])^(/[to,i]) and the integral converges towards the same limit, 
which is the right-hand side of the Makeenko-Migdal equation as written at the end of Section 



0.5 and labelled 



In order to understand the right-hand side, we must interpret the term d'^ *ft{l{0)). This 
interpretation relies on two facts. The first is that d^ acts by differentiation in the horizontal 
direction. More precisely, if s is a section of Ad(P), then 

holiu, l)d^sm) = ^ hol(.;,/[i,i])KZ(t))hol(a;,/[o,t]). 

tit \t — 
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The second fact is that *r2 computes the holonomy along infinitesimal rectangles. More precisely, 
for all m G S and all vectors v,w £ T^S such that det(f , w) = 1, one has 

hol(a;, Re{v, w)) — Ijy 



lim 



where Rg is the rectangle of which m is a corner and with sides ^/ev and \/£v, so as to have 
area e. We will choose, in order to build our infinitesimal rectangles, v = —l{0) and w its image 
by a rotation of |. 

We will now combine these two facts. However, before applying blindly the formula which 
computes d^s{l{0)), we must remember where this term comes from, namely the computation of 
the exterior product of the distributional form rj with the form A more prudent analysis of 

what we could mean by the distributional form rj makes it plausible that, instead of a derivative 
with respect to t at t = 0, we should have the difference between the values at 0"*" and at 0~, 
which we denote by A(=o- 

With all this preparation, the right-hand side of the Schwinger-Dyson equation can finally be 
drawn as follows. In the following picture, 1(0) points north-eastwards. 

d 



A 



\t=o 



d_ 

de\e 




de\e 




d 

d£\£ 




This is indeed the left-hand side of the Makeenko-Migdal equation $5. 

0.7. Structure of the paper. The present paper is organised in two parts of three sections 
each. The first part is purely devoted to the study of the Brownian motion on the orthogonal, 
unitary and symplectic groups, and contains no mention of the Yang-Mills measure. 

After establishing some notation and collecting some preliminary information in Section [l| we 
give in Section [2] a short proof of Biane's convergence result in the unitary case and adapt our 
argument to prove that, with the correct normalisation of the invariant scalar products on so(iV) 
and 5p{N), the orthogonal and symplectic Brownian motions have the same large N limit as the 
unitary Brownian motion (Theorem 2.2). Our approach has a combinatorial flavour and aims 
at proving that the differential systems satisfied by the moments of the limiting distributions 
are the same as in the unitary case. The main novelty in the orthogonal and symplectic cases is 
the appearance of Brauer diagrams in the combinatorics, instead of permutations alone. This 
is ultimately due to the form taken in these cases by the first fundamental theorem of invariant 
theory. The set of Brauer diagrams includes in a natural sense the symmetric group and our 
analysis shows that the diagrams which are not permutations do not contribute to the large N 
limit. 

In this first part, we consistently try to emphasise the similarities between the orthogonal, 
unitary and symplectic groups, in particular by treating them respectively as the real, complex 
and quaternionic unitary groups. 

The second part of the paper is devoted to the application of the results of the first part to the 
study of the master field. In Section |4j we recall the parts of the construction of the Yang-Mills 
measure which are useful for our purposes. Section [5] contains the heart of this paper, namely the 
construction of the master field as the large N limit of the Yang-Mills field. The key technical 
tool for this, which we have not mentioned in this introduction, is the maximal Amperean area 
of a loop, which allows us to compare the length of an elementary loop to the complexity of 
the word which expresses it in a lasso basis of the graph on which it is traced. In the course 
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of Section [5j we study the group of rectifiable loops, along the lines mentioned in Section 0.4 



above. Finally, in[6j we discuss the actual computation of the function <I>, the Makeenko-Migdal 
equations and their analysis by Kazakov. 



Part 1. Large N limit of Brownian motions. 

In the first part of this paper, we study the large N limit of the Brownian motion on a 
compact matrix group and prove two main convergence results. In the first result, we consider 
the distribution of the eigenvalues of a matrix taken in a compact matrix group under the heat 
kernel measure at a fixed time, and prove the convergence of this distribution as the size of the 
group tends to infinity. By letting the size tend to infinity, we mean that we consider the three 
series of special orthogonal, unitary and symplectic groups SO(A^), U(A^) and Sp(A^), and let N 
tend to infinity. From the point of view of the asymptotic distribution of the eigenvalues, there 
is no difference between odd and even orthogonal groups. 

In the unitary case, the result was proved by P. Biane [3] using harmonic analysis and, with 
a more combinatorial approach relying on the Schur-Weyl duality, by the author in [27]. We 
recall and slightly improve the latter proof, and extend it to the orthogonal and symplectic cases 
by showing that the polynomial differential system which characterises the limiting moments 
of the distribution of the eigenvalues is the same as in the unitary case. In our treatment of 
this problem, we try to emphasise the similarities between the three series of classical groups 
by viewing each of them as the series of unitary groups over one of the three associative real 
division algebras. We also pay special attention to the symplectic case and to the signs involved 
in the multiplication of the elements of the Brauer algebra, especially to the one which is hidden 
behind one of the very last sentence^ of Brauer 's original article [7J, on which a substantial part 
of the literature seems ultimately to rely. 

Our first main result, combined with a general property of asymptotic freeness for large 
independent and rotationally invariant matrices, proved by D. Voiculescu in the unitary case 
(see [41j|) and by B. Collins and P. Sniady in the orthogonal and symplectic case (see ^), implies 
a convergence result for expected traces of words of independent matrices taken under the heat 
kernel measures at various times. Our second main result is an explicit estimate of the speed of 
this convergence in terms of a certain measure of the complexity of the word under consideration 
and which we call its non-commutative Amperean area. This notion turns out to be very well 
suited to the study which we develop in the second part of this work of the large N limit of the 
Yang-Mills theory on the Euclidean plane. 

This first part is divided in three sections. In the first section, we define the Brownian 
motions which we consider, with the appropriate normalisations, and compute explicitly the 
Casimir elements of the various Lie algebras involved. Then, the second section is devoted to 
the proof of our first main theorem and the third and last section to the proof of our second 
main theorem. 



1. Brownian motions on classical groups 

In this section, we define the Brownian motion on the orthogonal, unitary, and symplectic 
groups and establish a concise formula for the expected value of any polynomial function of 
the entries of a sample of this Brownian motion at a given time. To the extent possible, we 
treat the three cases on the same footing, by seeing them as the unitary group over the reals, 



One has, however, to add a factor ip(Si,S2) on the right side, whose value is +1, —1 or 0. Brauer unfortu- 
nately does not give the definition of (f{Si, 82)- 
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complex numbers, and quaternions. In particular, we avoid as much as possible considering the 
symplectic group Sp{N) as a subgroup of U{2N). 



1.1. Classical groups. Let K. be one of the three associative real division algebras M, C and H. 
If X G K, we denote by x* the conjugate of x. If M G Mn{K), the adjoint of M is the matrix M* 
defined by {M*)ab = {Mjja,)*. We consider the following compact real Lie group, which depend 
on an integer N > 1: 

\J{N,K) = {M e Mn{K) : M*M = 1^}°, 

where the exponent indicates, for the needs of the real case, that we take the connected 
component of the unit element. The Lie algebra of this Lie group is the real vector space 

u{N, K) = {X e Mjv(K) ■.X* + X = 0}. 

We thus have the following table, in which we include the value of classical parameter (3 = 
dimiR K. 



(7) 





U(Af,K) 


u{N,K) 




M 


SO(iV) 


50{N) 


1 


C 


U(iV) 


uiN) 


2 


H 


Sp(iV) 


Bp{N) 


4 



Let otv and Sn denote respectively the linear spaces of skew-symmetric and symmetric real 
matrices of size A^. Denoting by {1, i, j, k} the standard M-basis of H, we have the equalities 

(8) so{N) = UN, u.{N) = Oat © is at, and sp{N) = Ojv © i-Siv © Jsat © ksiv, 

from which it follows that 

(9, d.n,U(^.K) ^ + (, - 1)^^ ^ . (f - l) N. 

Let us add to our list the special unitary group S\]{N) = {U e U{N),deiU = 1} whose Lie 
algebra is su(iV) = {X G u(Ar), Tr(X) = 0}, and which has dimension N"^ — 1. 



1.2. Invariant scalar products. The first step in defining a Brownian motion on a compact 
Lie group is the choice of a scalar product on its Lie algebra invariant under the adjoint action. 
Excepted the 1-dimensional centre of U(iV), the Lie groups which we consider are simple, so 
that their Lie algebras carry, up to a scalar multiplication, a unique invariant scalar product. As 
long as N is fixed, a rescaling of the scalar product corresponds merely to a linear time-change 
for the Brownian motion. However, since we are going to let N tend to infinity, the way in which 
we normalise the scalar products matters. 

Let Tr : Mn{K) — > K denote the usual trace, so that Tr(/jv) = A''. We endow our Lie algebras 
with the following scalar products: 

(10) VX,F G u{N,K), {X,Y) = ^diTr{X*Y) = -^sRTr(Xy), 

and the scalar product on su(A^) is the restriction of that on u(A''). The real part is needed only 
for the quaternionic case, for Ti{X*Y) is real whenever X and Y are complex anti-Hermitian. 
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1.3. Casimir elements. Let g C M]sr{M.) be one of our Lie algebras, of dimension d. Let 
{Xi, . . . , X^} be an orthonormal M-basis of g. The tensor 



d 

Cg = ^ Xk (Xi Xk, 
k=l 



seen abstractly as an element of g (E> g or more concretely as an element of (IC) (S>r (5^) ; 
does not depend on the choice of the orthonormal basis. It is called the Casimir element of g. 

Let {Eab : a,b = 1 . . . N} denote the set of elementary matrices in Mi^{M), defined by {Eab)ij = 
5i^aSj,b- Let us define two elements T and P of Miv(M)®^ by 



TV N 



[11) T= Y^Eab^ Eba and P = ^ E^i, C5 E^b- 



a,b=l a,b=l 



The letters T and P stand respectively for transposition and projection. The operators T and 
P can conveniently be depicted as in Figure [2] below. 




Figure 2. The operators T and P. 



On the other hand, set l(]K) = {1, i, j, k} n K and let us define two elements Re''^ and Co"^ of 
K IK by 



(12) Re'^= ^ 7 ® and Co"^" = } ^ 7(^7. 



7ei{K) 7ei(K; 



The names Re and Co stand for real part and conjugation, with the quaternionic case in mind. 
Indeed, the following two relations hold, which will prove very useful: for all quaternion q, 

(13) q — \q\ — ]q] — kgk = 45R(g) and q + igi + ]q] + kf/k = —2q*. 

In the next lemma, and later in this work, we will use the natural identifications M^{K) ~ 
MAr(]R) ® K and MAr(K)®" ~ MAr(]R)®" ® K®". 

Lemma 1.1. The Casimir element ofu{N,M.) is given by 

(14) C,^N,K) = ^ (-T ® Re"^ + P ® Co"^ 

Moreover, Csu{n) = Cu(n) - ^'^In 'S> \In- 

Proof. The spaces oat and Sat, each endowed with the scalar product {X,Y) = ^Tr{X*Y) are 
Euclidean spaces in which we can compute the sum of the tensor squares of the elements of an 
orthonormal basis. We find = —T + P and = T + P. The result then follows from (|8]) 
and pB. □ 



Because tensor products in (14) are over M, the expression in the case of U(A^) is not the most 
natural one. From now on, let us make the convention that tensor products are on M when we 
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deal with orthogonal or symplectic matrices, and over C when we deal with unitary ones. Then 
in particular Re^ = 2 and Co*^ = 0. Thus, we have 

(15) Qc(7V) = -^{T-P) and C,(;v) = -^T. 



The explicit expression ( 14 ) of the Casimir operators allows us to compute any expression of 



the form Ylk=i ^i-^k, ^k) where B is an M-bilinear map. For example, we can compute the sum 
of the squares of the elements of an orthonormal basis. 

Lemma 1.2. Let g C Mjv(IK) be one of our Lie algebras, of dimension d. Let {Xi, . . . ,X^} be 
an orthonormal basis of g. Then X]fc=i -^k ~ '^s-^N, where the real constant Cg is given by 

(16) c„(;v,K) = -1 + 

and Csu(Ar) = -1 + 



Proof. This equality follows from Lemma 1.1 and the following facts: the images of T and P by 
the mapping X ®Y ^ XY are respectively NI]\[ and In (see Figure [s] below for a graphical 
proof), and the sums X^^gi(K) and X]7ei(K) 77 respectively equal to /3 and 2-/3. □ 




Figure 3 . The images of the operators T and P by the mapping X (^Y XY 
can be computed graphically by joining the top right dot to the bottom left dot 
of the box. A loop carries a free index and produces a factor A^. 



1.4. Brownian motions. Let g C M]\f{M.) be one of our Lie algebras and let G be the corre- 
sponding group. Let {Kt)t>o be the linear Brownian motion in the Euclidean space (g, (•,•)), 
that is, the continuous g-valued Gaussian process such that for all X,Y £ q and all s,t > 0, one 
has 

E[{X, Kt){Y,Ks)] = minis, t){X,Y). 

Alternatively, K can be constructed by picking an orthonormal basis {Xk)k=i...d of g, a collection 
{B^^^)k=i...d of independent standard real Brownian motions, and by setting 

(17) K, = Y,bPx,. 

k=l 

The quadratic variation of K is easily expressed in terms of the Casimir operator of g: we have 

(18) dKt ® dKt = Cgdt, 

from which one deduces, in the same way as Lemma 1.2 was deduced from Lemma |l.l[ 

(19) {dKdK)t = CglNdt. 
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The Brownian motion on G is defined as the solution (Vt)j>o of the following linear Ito 
stochastic differential equation in Mjv(]K): 

(20) {dVt = dKtVt + ^Vtdt, 

\vo = In- 

Lemma 1.3. With probability 1, the matrix Vt belongs to G for all t >0. 

Proof. One has dV^* = —V^dKt + ^^CoV^dt. Hence, Ito's formula and the expression (19) of the 



quadratic variation of K imply that d{V^Vt) = 0. This proves the assertion, except for SU(A'^). 
In order to treat this case, write the stochastic differential equation satisfied by the columns of 
Vt and deduce an expression of d{deiVt). Using the fact that Tv{dKt) = and the fact that 
Csu(Af) = ~'k'^ ~^ w-^^ ® ™ -WAf(C) (SDc -^Af(C), this yields d{detVt) = 0, as expected. □ 

Let us recall some fundamental properties of this process. The reader may consult the book 
of M. Liao [30j for more details. 

Lemma 1.4. 1. The processes iyt)t>o cind (V^*)t>o have the same distribution. 

2. The process (V^)^>o has independent left increments . In other words, for all ^ ^ . . . ^ t^^ 
the random variables Vj^, VtjV^"^, • • • , Vi„V^~^^ are independent. Moreover, for all s < t, the 
increment VtV~^ has the same distribution as Vt-s- 

3. The distribution of the process {Vt)t>o is invariant by conjugation: For all U £ G, the 
processes {Vt)t>o and {UVtU~^)t>o have the same distribution. 

Proof. 1. Let {Lt)t>o be the solution of the stochastic differential equation dLt = —V^dKiVt, 
with initial condition Lq = 0. The process {Lt)t>o is a continuous martingale issued from in 
g. Let us show that it is a Brownian motion. This will prove the lemma, for V* is the solution 
of the equation dV^* = dLtV* + lc^V*dt. 

Let {Xi, . . . ,Xd) be an orthonormal basis of g. Let us write Lt = X]fc=i ^t^^-^k and Kt = 
Ylk=i ^t'^ -^k- We know that B^^\ . . . , B'^'^^ are independent standard real Brownian motions. 
For each i > 0, let i? = {Rki)k,i=i...d be the orthogonal matrix representing the isometric 
transformation X i— )■ —V*XVt of q in the basis {Xi, . . . , X^). Then for all k € {!,..., d} 
we have dL^''^ = Yl'i=i RkidBf\ from which it follows that L^^\ . . . , L^'^^ are also independent 
standard real Brownian motions. Hence, L is a Brownian motion on g. 

2. The process {Wt)t>s = (VtVj,~^)t>s is the solution of the stochastic differential equation 
dWt = dKtWt + ^c^Wtdt, with initial condition Wg = In- Hence, Wt is measurable with respect 
to cr{Ku : E and has the same distribution as Vts- The result follows immediately. 

3. This assertion follows from the fact that for all U £ G, the process {UKtU~^)t>o is a 
Brownian motion in g. □ 

We will adopt the following notational convention: the Brownian motions on SO(A^), U(A^) 
and Sp(A^) will respectively be denoted by {Rt)t>o, {Ut)t>o, and {St)t>o- 

1.5. Expected values of polynomials of the entries. Let n > 1 be an integer and t > 
be a real. We give a formula for the expected value of all homogeneous polynomial functions of 
degree n in the entries of the Brownian motion on one of our groups at time t. 

For ah integers i,j such that 1 < i < j < n, let us denote by iij : Mn{K)'^'^ MAr(K)®" the 
linear mapping defined by 

(21) H,,iX 0Y)= /®(*-^) 0X0 4^'-'-'^ /^("-^l 

We will also often write {X Y)ij instead of iij{X Y) 
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Proposition 1.5. Let {Vt)t>o be the Brownian motion on one of the groups which we consider, 
with Lie algebra q. Let n > 1 be an integer. Let t >0 be a real. We have 

(22) E[yr]=exp[^+t Yl 
Ln particular, if {Rt)t>o denotes the Brownian motion on SO{N), then 

(23) ^[^n=expf-^y-^ E " 
Lf {Ut)t>o denotes the Brownian motion on U(A^), then 

(24) IE[^r]=exp(-f 
Finally, if {St)t>Q denotes the Brownian motion on Sp(A^), then 

(25) Em=expf-'^f E ((^^Re%- 

\ l<*<i<n 

Also, if {Ut)t>o denotes the Brownian motion on SU(A^), then K[[/®"' 




Proof. Both sides of (22) are equal to I^" for t = 0. Moreover, Ito's formula for seen as 
an element of Mjv(]fC)®^^^ writes 

\i=l l<i<i<2 / 



Using (18), this implies that the time derivatives of both sides of (22) are equal. 

The special unitary case follows from the unitary case and the relations c^^iN) = ^^(n) + 772 j 

Csu{N) = C'u(Af) + 772- n 

2. Convergence results for one Brownian motion 

In this section, we analyse the asymptotic behaviour of the repartition of the eigenvalues of 
the Brownian motion at time t on U(A^, IC) as N tends to infinity, the time t being fixed. We 
start by briefly discussing the issue of eigenvalues in the symplectic case. 

2.1. Moments of the empirical spectral measure. Let M be a real or complex matrix of 
size with complex eigenvalues Ai, . . . , Aat. We define the empirical spectral measure of M by 

N 



k=l 

The moments of this measure can be expressed as traces of powers of M. Indeed, for all integer 
n > 0, ff^z"' fiM{dz) = jjTi{M^) = tr(M"), where tr denotes the normalised trace, so that 
tr(/7v) = 1- If M is invertible, then these equalities hold for all n G Z. 

For a matrix with quaternionic entries, the very notion of eigenvalue must be handled with 
care. A matrix M G Mi^{M) is said to admit the right eigenvalue (7 G H if there exists a non- 
zero vector X G H-'^ such that MX = Xq. If g is a right eigenvalue of M, then any quaternion 
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conjugated to q is also a right eigenvalue of M, because for all non-zero quaternion n, one has 
M{Xu-^) = M{Xu-^)uqu-K 

It is an elementary property of IHI that two quaternions are conjugated if and only if they 
have the same real part and the same norm. In particular, each conjugacy class of HI either 
consists of a single real element, or meets C at exactly two conjugated non-real elements. Thus, 
a matrix with quaternionic entries determines real eigenvalues, which are to be counted twice, 
and conjugate pairs of complex eigenvalues. 

It is convenient to momentarily see H as C © jC, to write any vector X G as X = Z +\W 
with Z,W e C^, and to write any matrix M G Mjv(BI) as M = A+]B with A,B e Mn{C). The 

mappings X i— )• v{X) = (^^/^ ^ ^ ^{^^) — respectively an isomorphism of 

right complex vector spaces — )■ and an injective homomorphism of involutive algebras 
M]\[{M) — )■ M2Ar(C). These morphisms are compatible in the sense that v{MX) = l{M)v{X) 
for all M G Mn{M^) and X gU^. 

It turns out that the complex eigenvalues of l{M) are exactly the complex right eigenvalues 
of M, counted twice if they are real. Thus, M admits exactly 2N complex right eigenvalues 
{Ai, A|, . . . , Aat, A^}. We define the empirical spectral measure of M as the spectral empirical 
measure of M: 

1 ^ 

k=l 

Observe that the mapping M i— )• t(M) does not preserve the trace, but rather verifies Tr(i(M)) = 
25RTr(M). Hence, the moments of Am are given by z" fiM{dz) = 2^Tr(i(M)") = mr(M") 
for all n > 0, and also for all n G Z if M is invertible. The situation is thus almost the same 
as in the real and complex case, the only difference being that the trace is replaced by its real 
part. One should however keep in mind that, from the point of view of eigenvalues, the natural 
non- normalised trace on Mi^(M) is twice the real part of the usual trace. Indeed, for instance, 
with our way of counting, the eigenvalue 1 of /tv £ Mi\f{M) has multiplicity 2N. 

Note finally that orthogonal and unitary matrices have eigenvalues of modulus 1. Similarly, 
symplectic matrices have quaternionic right eigenvalues of norm 1, and in all cases, the empirical 
spectral measures which we consider are supported by the unit circle of the complex plane, which 
we denote by U = {z G C : |z| = 1}. 

2.2. First main result: convergence of empirical spectral measures. Let us introduce 
the limiting measure which appears in our first main result and was first described by P. Biane 
in the unitary case. It is a one-parameter family of probability measures on U which plays for 
compact matrix groups the role played for Hermitian matrices by the Wigner semi-circle law. 
The simplest description of this family is through its moments. 
For all real t >0 and all integer n > 0, set 

k=o ^ 



It follows from Biane's result (Theorem [2jJ below) that there exists a probability measure vt on 
U such that for all integer n > 0, one has 

(27) / ut{dz) = [ utidz) = fln{t). 

Jv Jv 

There is no simple expression for the density of this measure. Nevertheless, some information 
about this measure can be found in [3l [27] . The result in the unitary case is the following. 
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Theorem 2.1 (Biane, [3]). Let {U]\f^t)t>o be the Brownian motion on the unitary group U(A^), 
or on the special unitary group SU(A^). Let r > 1 be an integer and mi, . . . , rrir >0 be integers. 
Let t > be a real. Then 



lim E 

N^oo 



Moreover, for all n G Z, 



trTO)...tr(C/-;) 



lim E [tv{U^^,)] 



(t) ...flmrit). 

M|n|(*)- 



Our first main result is the following. 



Theorem 2.2. Let {RN,t)t>o be the Brownian motion on the special orthogonal group SO(A^), 
and {SN,t)t>Q be the Brownian motion on the symplectic group Sp(A^). Let r > 1 be an integer 
and mi, . . . , > 6e integers. Let t >0 be a real. Then 



lim E 



tr(i?™;,)...tr(i?-- 

Moreover, for all n £ Z, 



lim E 



mr(5]^^j . . . mv{s^^,) = ^lrrn (*)••• (t) 



lim E [tr(i?^,,)] = lim E [mr(5]^,,)] = 



The rest of this section is devoted to the proof of Theorem 2.2 



2.3. Characterisation of the moments of the limiting distribution. Before we jump into 
the computation of the limiting distribution of the eigenvalues of our Brownian motions, let us 
say a few words about the disguise under which the moments (/U„)„>o of the limiting distribution 
will appear. 

These moments are defined by (26) and this is the form under which they appear in the 
original proof of Theorem 2.1 by P. Biane. There are at least two other ways in which they 
are amenable to appear. The first is purely combinatorial and related to minimal factorisations 
of an n-cycle in the symmetric group S„. Recall the elementary fact that the n-cycle (1 . . . n) 
cannot be written as a product of less than n — 1 transpositions, and the classical fact that the 
number of ways of writing it as a product of exactly n — 1 transpositions is n"~'^. More generally, 
the product of (1 ... n) and k transpositions cannot have more than k + 1 cycles. The following 
result is proved in |29| in a bijective way. 



Proposition 2.3. Let T„ be the set of transpositions in the symmetric group (3^ 
an integer. The set 

{(ri,...,Tfc) e (T„)^ (1.. . n)ri . . . Tfc has exactly k + 1 cycles^ 



Letk>0 be 



is empty if k >n and has otherwise n 



k-li 



elements. 



This result, combined with the equality (|24|), allows one to give a quick proof of Theorem 



2.1 It is however a proof which is not easily generalised to the orthogonal and symplectic cases. 



because it is more difficult to count paths in the set of standard generators of the Brauer algebra 
than in the symmetric group. 

The second way in which the moments (/in)n>o niay and in fact will appear is the following. 
Define a sequence of polynomials (Ln)n>o by setting Lo(0 = 1 and, for all n > 1, 



(28) 



Lnit) 



e 2 



n~l 

E 

A;=0 



k\ 



-n 



n 
k + 1 
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Lemma 2.4. The sequence {Ln)n>o is the unique sequence of functions of one real variable such 
that Lq = 1 and 

n-l 

(29) Vn > 1, Ln{0) = 1 and = - 2 L^Ln-k- 

k=l 

Despite the relatively simple explicit form of L„, this statement seems to resist a direct 



verification. One way to prove it is to recognise the link between the recurrence relation (29) 



and the problem of enumeration of paths in the symmetric group solved by Proposition 2.3 but 
this could hardly be called a simple proof. 



Proof. The shortest proof seems to consists in recognising that (29) is equivalent to an easily 
solved equation in the reciprocal of the generating function of the sequence {Ln)n>o- Indeed, 
consider the formal series g{t,z) = Yln>i^n-{t)^^- '^^^ recurrence relation ([29]) is equivalent 
to the differential equation dtg{t,z) = —zg{t, z)dzg{t, z) with initial condition g{0,z) = 
This differential equation is in turn equivalent, for the reciprocal formal series f{t,z), defined 
by f{t,g{t,z)) = z, to the differential equation dtf{t,z) = zf{t,z), with the initial condition 
/(O, z) = j^. This last equation is solved by f{t, z) = j^e*^ and Lagrange's inversion formula 
yields the value of the polynomials (L„)„>o. □ 

The reason why reciprocals of generating functions on one hand and paths of shortest length 
in the symmetric group on the other hand, although apparently rather remote from each other, 



allow one to prove Theorem 2.1 is that both are governed by the combinatorics of the lattice 



of non-crossing partitions of a cycle (see [39} H]). 

2.4. The unitary case revisited. The basis of our proof in the orthogonal and symplectic 
cases is the proof in the unitary case, which we review in this section. We take this opportunity 
to introduce useful notation, and also to offer what we believe to be a simpler and clearer proof 
than what can be found in the literature. 

Before we start, let us make a short comment on our strategy of exposition. Rather than 
spending a lot of time introducing from the beginning, and with little motivation, all the tools 
which will be needed for the three series of groups, we have chosen to introduce the various 
objects progressively. The drawback of this approach is that several tools will have to be 
redefined, some more than once, each new definition containing and superseding the previous 
ones. 



Proof of Theorem \2.1\ Let n > 1 be an integer. We denote by &n the symmetric group of order 
n. Let p : S„ — )• GL((C^)®") denote the action given by 

(30) p{a){xi (g) . . .(g) Xn) = x^-i(^i) (g . . .(g 

For all a £ ©„, let us denote by £{a) the number of cycles of a. To each a £ (3„ we associate 
two complex- valued functions P^ and Pa on Mn(C) by setting 

P^(M) = Tr®" {p{a) o M®") and p^{M) = N'^'^''^ P„{M), 

where by Tr'^"(Mi ® M„) we mean Tr(Mi) . . . Tr(M„). If the lengths of the cycles of the 
permutation a are mi, . . . , m£(o-)) then these functions can be written in more elementary terms 
as 

i(a) i(a) 

(31) P„{M) = W Tr(M'^0 and p„{M) = JJ tr(M'^0- 

i=l 1=1 
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The use of the letter P is motivated here by the fact that the functions and Pa are power 
sums of the eigenvalues. We hope that no confusion will arise from our using the same letter P 



for the projection defined in (11) 



Let {U]\[^t)t>o be a Brownian motion on the unitary group U(A^). We are going to study the 
complex-valued functions F/v and /n defined on M_(_ x (3„ by 

FN{t, a)=E [P^UNim and fN{t, a) = E b.(C/w(t))] . 

Let T„ C &n denote the set of transpositions. An application of Ito's formula and the fact that 
the Casimir operator of u(A^, C) is equal to —j^T, where T is the flip operator on ^ (see 



(15)), allow us to prove the following fundamental relation: for all t > and all a € ©„, 
d 



l<i<j<n 



(32) = Fjv(t, ^) - ^ E 



2 -V ' / ^ 



With the large N limit in view, it is preferable to work with the function /^r rather than the 
function F^q: for example, one has FAr(0,(j) = A^^^'^) but /Ar(0,c7) = 1. When we divide ([32]) by 



jV^(<^)^ we must take care about the number of cycles of the permutations err, which is not the 
same as that of a. More precisely, for each r, we have i{aT) G {^(c) + l,i{a) — 1}. Let us define 

Jt{a) = {TeTn:e{cTr)=£{a)±l}. 

With this notation, we have 

(33) ^fNit,(7) = ~fN{t,a) - E fN{t,aT)-^ E fN{t,(JT). 

Let us denote by Lu(Ar) the linear operator on the space F{Gn) of complex-valued functions on 
©n defined by 

(Lu(^)/)(a) = -^/(a)- E /(^^)-i2 E /(^^)' 

TeT+(a) TeT-(o-) 
and by 1 G F{&n) the function identically equal to 1. We have the equality 

Vt > 0, /Ar(t, •) = e*^U(iV)l_ 

This expression allows us to let A'" tend to infinity very easily. Indeed, if L denotes the limit of 
Lu(Ar) as A^ tends to infinity (with n staying fixed), that is, the operator defined by 

(34) (L/)(a) = -^/(a)- E /(^^)' 

reT+(a) 

then it is readily checked that the sequence of functions /at , seen as a sequence of functions from 
M+ to F{<S n), converges uniformly on every compact subset of M-(_ towards the function f(t, •) 
defined by 

(35) yt > 0, f{t,-) = e*^l. 

In order to compute this exponential, let us make the Ansatz that f{t, a) factorises with respect 
to the lengths of the cycles of a, that is, that there exists a sequence (in)n>i of functions 
such that for all t > and all permutation a with cycles of lengths mi, . . . ,mr, we have 



f{t,a) = e 2 Lmi(t) . • • -Z^mr(^)- A little computation shows that (35) is equivalent to the 
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recurrence relation (29) for the sequence (Ln)n>i, of which we know that the sequence (Ln)n>i 
defined by ( 28 ) is the unique solution. This finishes the proof of the first assertion of the theorem 
on the unitary group. 

The second assertion follows from the first and the fact that, by Lemma 1.4 Ujsi^t has the 
same distribution as U^\. 

Let us finall y co nsider the case of the special unitary group. It follows from the last assertion 
of Proposition 
we replace {U, 



L5 



that the functions F/v and /at get simply multiplied by the factor exp if 
N,t)t>Q by a Brownian motion on SU(A^) in their definition. Thus, the operator 



which replaces Lu(Ar) in this case is Lgu(Ar) 
the same. 



-'U(Af) + 2^ ^'^^^ conclusion of the proof is 

□ 



2.5. The Brauer algebra I. In the orthogonal and symplectic cases, the role played by the 
symmetric group will be held by an algebra known as the Brauer algebra, which we now describe. 

The integer n > 1 being fixed, let *Bn be the set of partitions of the set {!,..., 2n} by pairs. 
Let A be a real number. The real Brauer algebra ^n,\ admits, as a real vector space, a basis 
which is in one-to-one correspondence with !B„ and which we identify with it. For example, B2,a 
has dimension 3 and the basis *B2 consists in the three pairings {{1, 2}, {3, 4}}, {{1, 3}, {2, 4}} 
and {{1,4}, {2, 3}}. 

An element of *B„, can be represented by a horizontal box with n dots on its bottom edge 
labelled from 1 to n and n dots on its top edge labelled from n -\- 1 to 2n, both from left to 
right, the appropriate pairs of dots being joined by lines inside the box. The product 7ri7r2 of 
two elements tti and 7r2 of is computed by putting the box representing tti on the top of 
the box representing it2- This produces a new pairing vr between the points on the bottom of 
the box representing 7r2 and those on the top of the box representing vri. The superposition of 
two boxes may moreover lead to the formation of loops inside the box. If r loops appear in the 
process, then we set 7ri7r2 = A^vr (see Figure [4] for an example). 





Figure 4. With tti = {{1,2}, {3, 4}, {5, 12}, {6, 11}, {7, 10}, {8, 9}} and vrs = 
{{1, 2}, {3, 4}, {5, 12}, {6, 11}, {7, 8}, {9, 10}}, we have Tn^aTTi - A^^i. 



Let &n denote the symmetric group of order n. There is a natural inclusion Gn C 55^ 
which to a permutation a G ©n associates the pairing {{i^a{i) -|- n} : z G {1, . . . ,n}}. Since 
the multiplication of pairings associated with permutations does never make loops appear, this 
correspondence determines an injective homomorphism of algebras M[(3„] ^ ^n,\^ regardless of 
the value of A. 

Let us call horizontal edge of a pairing vr a pair of vr which is contained either in {1, . . . ,n} 
or in {n -|- 1, . . . , 2n}. The pairings of are characterised in 5S„ by the fact that they have no 
horizontal edge. On the other hand, a pairing which has one horizontal edge must have at least 
one in {1, . . . , n} and one in {n-|- 1, . . . , 2n}, because it has the same number of horizontal edges 
in both sets. It follows that multiplying this pairing on either side by another pairing cannot 
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make all horizontal edges disappear. Hence, the linear subspace of B„ spanned by !B„ \ ©„ is 
an ideal of Bn^x- 

For all integers r, s such that 1 < r < s < n, we denote by (r s) the element of *B„ corre- 
sponding to the transposition which exchanges r and s. We also denote by (r s) the partition of 
{1, . . . , 2n} which consists of the pairs {k, k + n} for k G {1, . . . , n} \ {r, s}, and the two pairs 
{r, s} and {r + n, s + n}. We call this pairing an elementary projection. We denote by T„ the 
set of all transpositions and by W„ the subset of *Bn which consists of all contractions. Note 
that the algebra B„^a is generated by U W„. 

For the needs of the orthogonal case, let us define an action of the Brauer algebra B„^7v on 
(M^)®", that is, a morphism of algebras p : Bn,N Miv(]R)®". Let (ei,...,eAr) denote the 
canonical basis of M^. Let vr G QS„ be a basis vector of B„^7V; which we identify with the partition 
in pairs of {1, ... , 2n} which labels it. We set 




(36) p(vr) = V M Ei,^^,^, . . . 



71 



Consider two elements 111,112 £ ^n- In the product p{iTi) p{i:2) ■, the only non-zero contributions 
come from the terms in which the n bottom indices of vri are equal to the n top indices of 112- 
Moreover, any loop carries a free index which runs from 1 to and thus produces a factor A^. 
Hence, if r loops are formed in the product of vri and 1^2, then p(7ri7r2) = N'' p{iri) p{iT2) ■ This 
shows that the unique linear extension of p to B„ is a homomorphism of algebras p : B„ jv ~^ 
End((M^)®'^). 

The restriction of p to the subalgebra C[(3„] coincides with the action of the symmetric group 
which we considered in the unitary case. 



(37) C,„(^) = --(r-P) 



2.6. The orthogonal case. On the orthogonal group SO{N), the Casimir operator is equal to 

1 

N' 

so that for all i,j such that 1 < i < j < n, we have 

(38) ^m(C^.cw) = (Piiij)) - P{{ij))) ■ 

Because of the presence of P, the orthogonal analogues of the functions (i 1— )■ Fj\f{t,a))^^Q^ 
do not satisfy a closed differential system anymore. We must therefore introduce new functions, 
which are naturally indexed by the elements of the Brauer algebra. 

Proof of Theorem \2.S\ in the orthogonal case. Let n > 1 be an integer. To each element vr G 5S„ 
we associate the function P^^ on Miy(K) by setting 

P^(M) =Tr®" (p(7r)oM®") . 

For example, if ir is the element of ^Sg depicted on the right-hand side of Figure|4| then Pt^{M) = 
Tr(M*MM*M)Tr(M^). Note that when it is restricted to the orthogonal group, the function 
M I— )■ P.,^{M) can be a polynomial in the entries of M of degree strictly smaller than n. It 
is possible, but unnecessary at this stage, to give for the function P^^ an expression similar to 



(31). Our treatment of the symplectic case will however require such a formula, and it may be 



instructive to look briefly at (44). 

The correct definition of the normalised function p.,^ requires an appropriate definition of 
the number of cycles of vr. The simplest way to define this number is through the equality 
Pn{lN) = N^^^\ Alternatively, it is the number of loops formed after completing the diagram 
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of TT by the n vertical lines which join k to n + k for all k between 1 and n. We set, as in the 
unitary case, 

(39) p^{M) = A^-^WP^(M). 

We extend the definitions of P^- and by linearity to any b G B„^jv. Note however that the 
function i is only defined on the elements of 5S„ . We extend it to multiple of basis elements by 
setting £(c7r) = i(7r) for all complex number c 7^ 0. 

Let {RN,t)t>o be a Brownian motion on the orthogonal group SO(A^). As in the unitary case, 
we are going to study the functions Fn and /tv defined on R+ x Bn^N by 

FN{t, b)=E [Pb{RN,t)] and /^(t, 6) = E [pbiRN,t)] ■ 

The normalisation has been chosen such that /Ar(0,7r) = 1 for all vr E With these defini- 
tions and considering the stochastic differential equation which defines the Brownian motion on 
SO{N), an application of Ito's formula yields the following fundamental relation: for all t > 
and all b £ Bn,N, one has 

(40) |F^(t,b) = ^^ Fiv(t,6) - 1 F^{t,bT) + j^ E PN{tM), 

from which it follows immediately that for all vr E *B„, 
(41) 

Note that in this equation, vrr and ttk might be non-trivial scalar multiples of basis elements, 
thus possibly introducing extra powers of N in the expression. Note also that, for the same 
reason, we are using the extended definition of the function i. 

In fact, the only case where a loop is formed is for the product ttk when k = {ij) and the 
pair {i,j} belongs to tt. Moreover, in this case, ttk = A^vr. 

Let us denote by Lso(Ar) the linear operator on the dual space B* ^ of linear forms on Bn,N 
characterised by the fact that for all vr G !B„, 

(42) (Lso(^)/)(vr) = -"^^m - E A^'^^^^-'(^^-V(-r) + ^ N'^^^-'^--)-' /{^k). 

We also denote by 1 G B* jy the linear form equal to 1 on each basis vector. Then we have the 
equality 

Vt > 0, /iv(t,-) = e*^so(iv)i[. 

Let us now determine which powers of N appear in Lgo(Ar)- First of all, the observation 
which we made just after (41) and an elementary verification show that Lgo(Ar) is a polynomial 
of degree at most 2 in A^~^. We also know that if vr is a permutation, then £{ttt) belongs to 
{^(vr) — 1, £(vr) + 1}, so that the second term of Lgo(Ar) involves terms of order and A^^, but 
not of order A^^. 

Now comes the crucial argument, namely the observation that multiplying a permutation by 
an elementary projection does never create a loop nor increase the number of cycles. The first 
assertion is a consequence of the fact that for all vr € and all i, j G {1, . . . , n} with i < j, the 
product 7r{ij) involves a loop if and only if the pair {i, j} belongs to tt. If tt is a permutation, this 
never happens. Moreover, one checks, depending on whether i and j belong to the same cycle 
of a or not, that i{n{ij)) belongs to {■^(Tr) — l,£(7r)}. These observations imply that when tt is 
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a permutation, the third term of Lgo(iv) contains no term of order and is hence dominated 
by N'^. 

A less important but simpler observation is that when vr is not a permutation, none of the 
elements which appear in [42] is a permutation, according to our discussion of horizontal edges 
in [231 

Recall the definition of the operator L from the unitary case (see (|34[)). The previous discus- 
sion shows that, in the basis of B* ^ dual to split into dual permutations on one hand and 



the other dual basis elements on the other hand, the matrix of L 





( 




Lso(Af) — 








I 


* 



SO(Af) 
\ 



IS 



where the bottom right block of this matrix is a polynomial of degree 2 in 
Lgo(Ar) admits a limit as N tends to infinity and this limit is of the form 



In particular. 



lim L 



SO{N) 



L 







* 



Ignoring the second column of this matrix, we conclude that the sequence of functions {fN)n>i, 
restricted to M+ x converges uniformly on every compact subset of M+ towards the function 
/(t, •) defined by 



(43) 



Vt > 0, fit, •) 



'1. 



We recognise here the equation ( 35 ) . 



□ 



2.7. The Brauer algebra II. In the treatment of the symplectic case, we will consider a 
homomorphism of algebras pe : ^n.-2N — ^ Mjv(BI)®". This homomorphism will be constructed 
as the tensor product of the homomorphism p considered in the orthogonal case and another 
homomorphism 7 : B„^_2 — ?• H*^", which we define and study in this section. 

In order to define 7, we need to discuss a cyclic structure on {1, . . . , 2n} associated to each 
element of *B„. We have already implicitly considered this cyclic structure in the definition of 



£{Tr) just before (jSgj). 

Let us consider a pairing vr of {1, . . . , 2n}. Let us consider the usual graph associated with vr, 
with vertices {!,..., 2n} and n edges, one joining i and j for each pair {i,j} £ n. We call these 
n edges the primary edges. Let us add to this graph n other edges, one joining i to i + n for each 
i £ {1, . . . , n}. We call these edges the secondary edges. We get a graph in which each vertex 
has degree 2, being adjacent to one primary and one secondary edge. This graph is thus a union 
of disjoint cycles of even length, for which vr provides no canonical orientation. We decide to 
orient each of these cycles by declaring that the primary edge adjacent to the smallest element 
of each cycle is outgoing at this vertex. In this way, we get a partition of { 1 , . . . , 2n} by oriented 
cycles, that is, a permutation of {1, . . . , 2n}, which we denote by Sjr. For an example of this 
construction, see Figure [5] 

We are now going to use the permutation S,r £ &2n to define a permutation CTtt S &n and to 
attach a sign to each integer {1, . . . , n}. Let us start with the signs. For each i £ {1, . . . , n}, we 
set e-j^ii) = 1 if {i, ^^^(i)} is a primary edge and EttIO = ~^ otherwise. If (in + i) is a cycle of 
Ejr, then ej^ii) = 1. Then, we define (Ttt as the permutation of {1, . . . ,n} obtained by removing 
the integers {n + 1, . . . , 2n} from their cycles in T,t^. Note that S^, and hence a.,^, have exactly 
^(tt) cycles. For example, if vr is a permutation, then £n{i) = 1 for alH G {1, . . . , n} and cr^ = n. 
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7 8 9 10 11 12 



7 8 9 10 11 12 





1 2 3 4 5 6 



1 2 3 4 5 6 



Figure 5. Consider vr = {{1, 8}, {2, 9}, {3, 7}, {4, 5}, {6, 10}, {11, 12}} G Se- The 
primary edges are represented on the left and the full graph on the right. There 
are two cycles with respective smallest element 1 and 4. We thus have E^r = 
(1 8 2 9 3 7)(4 5 11 12 6 10) and o"^ = (1 2 3)(4 5 6). For each i e {1, . . . ,6}, e^{i) equals 
1 if i is traversed upwards and —1 if z is traversed downwards. Here, £7r(5) = — 1 and 
the other signs are 1. 



The signification of the permutation and the signs e7r(l), • • • , e-Kin) is given by the following 
formula. Recall the definition of p from (36). 

Proposition 2.5. Let vr be an element of^n- Let Ri, . . . , Rn be elements of SO{N) . Let us 
write {ii . ■ ■ is) ^ cTj^ if {ii ■ ■ ■ is) is a cycle of Ot^. Then 

(44) Tr«"(/>(7r) o i?i » . . . ® i?„) = 'YT{Lt^}''\ . .R'^}'^^). 

{i\...is)^aT^ 

The same identity holds with arbitrary matrices provided inverse matrices are replaced by trans- 
posed ones. 

Proof. If vr is a permutation, then a direct computation shows that the formula holds. Now, let 
us pick an arbitrary pairing vr G *B„, an integer i G {1, . . . ,n} and let us consider the pairing vr' 
obtained by exchanging i and n + z in the pairs to which they belong in vr. We have a^^' = a^^, 
Ej^iii) = — e7r(i) and e.,^i{j) = e-,^{j) for all j ^ i. Moreover, 

TV®"(p(^') o i?i . . . ® i?„) = TY®"(p(7r) o . . . ® . . . R^). 



Hence, if (44) holds for tt, it also holds for vr'. It only remains to convince oneself that any 
pairing can be turned into a permutation by a finite succession of exchanges of the sort which 
we have just considered. □ 

Through the mapping tt i— )• (cttt, Stt), we associate to each element of 55™ an element of and 
an element of (Z/2Z)'^, that is, an element of the hyperoctahedral group Hn = &n x (Z/2Z)'^ C 
&2n- Since seen as the set of fixed point free involutions of {1, ... , 2n}, is isomorphic to 
the quotient &2n/L[n, it would be natural to expect a neater definition of the pair (cr,r,e7r), but 
I was not able to find it. 

Let us now turn to the definition of the mapping 7. Recall that l(BI) denotes the subset 
{1, k} of H. For each pairing vr G *B„, set 

(45) 7(vr) = p^ Yl I n (-23^)(7^....7n))7r"^'^/^®...®7n^-^"^/^. 

7i,--,7nel(H) \(ii...is)^a^ / 

If TT is the pairing corresponding to the identity permutation, then 7(71) = /^". We set 

(46) PH(7r) = pin) 7(7r) 
and will sometimes use the lighter notation pmn. 
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Recall ([T2| and observe that 7((12)) = -^Re"^, 7((12)) = -hm!^, so that 



Pm{1 2) = -^T » Re^ and pm{1 2) = -^P ® W 



and by comparing with (14), we have for all i,j with 1 < i < j < n the equality 



(47) I'ijiCspiN)) = (ph(« j) - Pm{ij)) ■ 

This is a first piece of a justification for our arguably strange definition of 7. A second piece 
of justification is given by the following lemma. By analogy with the real and complex cases, 
we denote by o the product in the algebra M7v(IHI)®", but we would like to emphasise that the 
natural action of this algebra on (H^)®" which is implicit in this notation is the action of a real 
algebra on the tensor product over M of real linear spaces. The trace denote by Tr on the other 
hand is still the usual trace on Mn{M). 

Lemma 2.6. For all n > 1, all it £ !B„ and all Si, . . . , Sn G Sp(A^), we have 

The same identity holds with arbitrary matrices provided inverse matrices are replaced by adjoint 
ones. 

Proof. Relabelling the matrices Si,. . . ,Sn if necessary and using the fact that both p{tt) and 
7(71) factorise according to the cycles of (Ttt, we may reduce the problem to the case where a-j^ has 
a single cycle, and we may choose the cycle (n . . . 1). In this case, after developing the traces, 
the equality results from the following identity, valid for all quaternions gi , . . . , g„ : 

71 • • • In^ili'^qi) ■ . . ^hn'-Qn) = qT ■ ■ ■ Q*n , 

7l,...,7„el(H) 

where we set qp = qi if Si = I and = q* if Si = —1. □ 



The main property of 7 is the following, which determined its definition. 

Proposition 2.7. The unique extension of ^ to a linear mapping B„^_2 — )• H®" is a homomor- 
phism of algebras. 

Proof. Since the algebra Bn-2 is generated by T^ U W„, it suffices to prove that for all pairing 
vr E *B„ and all i,j with 1 < i < j < n, we have 7(vr(ij)) = j{'^)j{{i j)) and 7(vr(ij)) = 
7(7r)7((i j)). For each equality, there are three cases to consider: the case where i and j do not 
belong to the same cycle of cTtt, then the case where they do, which itself is subdivided into the 
sub-cases e7r(i) = e7r(j) and £n{i) = —£n(,j)- each of the six cases, the key of the result is one 



THE MASTER FIELD ON THE PLANE 



29 



of the following elementary identities, valid for all qi,q2 € H: 

(I) \ (-23?)(7i72)(-23?)(7r'<Zi)(-2K)(72''</2) = (-23?)(<Zi<Z2), 

71 ,72 e 1(e) 

(II) ^ (-23?)(7i72)(-23?)(7r''?i)(-2K)(72<?2) = (-23?)(<?i<?*), 

71 ,72 e 1(e) 

(III) ^ {-m{lil2){-2R){li\il2\2) = (-2K)(gi)(-25ft)(<72), 

71 ,72 e 1(e) 

(IV) ^ Y (-23^)(7i72)(-23?)(7r'gi72g2) = {-2^){qiql). 

71 ,72 6 1(e) 

The first equality is the multiplication rule in EI and the second follows by replacing q2 by 
The third and fourth equality follow from the identities (13). 

Let us give the details of the proof of the equality 7(7r)7((ij)) = 7(7r(ii)) in the the case 
where i and j belong to the same cycle of a-t^ and e-nii) = —£Tr{j)- Recall the notation lij from 
(21). To start with, we have 

l{{ij)) = \ Y (-23^)(aia2)^i,i(ar^«)a2). 

ai,a2Gl(B) 

Let us write {Hi . . .ig j ji ■ ■ ■ jt) the cycle of cTtt which contains i and j. Reversing the orientation 
of this cycle if necessary, we may assume that e-jr^i) = 1 and £n{j) = — 1- In the expression of 
7(7r)7((i j))) we have the sum over all possible values of 71, ... , jn, ai, 02 in \{M) of the product 
of a term 

-(-23?)(aia2)(-2K)(7jj . • .7ii7i7i. • • -7*170 • • • 



and a term 



7j "^"i <8) . . . fX" 7^02 



In this sum, we would like to perform a change of variables and to replace 7^ by a^^ji and 7^ 
by 7^02 ^- This would however introduce troublesome minus signs. The neatest way to do this 
is to allow temporarily our variables to vary in the set I (H) U — I (H) instead of I (H) , to the price 
of a factor ^ for each variable. This does not affect the sum otherwise, because each variable 
appears exactly twice. The advantage is that l(BI)U — l(BI) is a subgroup of H, so that the change 
of variables is justified. After this change of variables, the two terms which we are considering 
are replaced respectively by 

^(-2K)(Qia2)(-23?)(7j-, . . .7ii7ia^Si. • ■■Ihai^n) ■ ■ ■ 

and 

. . . O 7j~^ ® • • • ® 7i ® • • • • 
Thanks to the third of the four elementary identities mentioned above, summing over ai and 
02 transforms the first term into 

(-2K)(7,, . . .7ii7.-7*)(-25R)(7i. • • •7ii) ■ • • ■ 

On the other hand, the cycles of cr^(j are the same as those of an, except for {iii . . As j ji ■ ■ ■ jt) 
which is replaced by {ij ji ■ ■ ■ js){h ■ ■ - is)- Moreover, for all k S {1, . . . , n}, we have ^^{ij) (^) = 
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Finally, it may happen that s = 0, in which case the cycle (ii . . . is) is absent in iT{ij). In this 
case, the fact that ^^(i) = j, e7r(i) = 1 and e7r(j) = —1 imposes that {i,j} is a pair of tt. Since 
we are working in i?„._2, the appearance of a loop in the multiplication of vr and {ij) brings the 
missing factor —2. In fact, this is the only case in the whole proof where a loop is formed and 
where the parameter of the Brauer algebra plays a role. 

Let us indicate what differs in the proof of 7(vr)7((ij)) = 7(7r(i j)) in the same case, when i 
and j belong to the same cycle of a-j^ and £-,^{1) = — ^ttO)- With the same notation, using 

^((^i)) = \ Yl (-23^)(aia2)^u(«r' ® «^') 

ai,a2Gl(H) 

and performing exactly the same steps, only applying the fourth elementary equality instead of 
the third, we end up with a term 

(-25R)(7,,...7,,7i7.^^..7i:H)---- 

A second change of variables is needed at this point, and justified as the first, by which we 
replace 7^^, . . . ,7^^ by their inverses. This comes in agreement with the fact that not only CTTt(ij) 
has (lis ■ . - h j Ji . • . js) as a cycle, but s^(^ij^{ik) = —s-wiik) for all /c € {1, . . . , s}, the other signs 
being unchanged. 

Nothing new is needed to check the four other cases and we spare the reader a detailed account 
of them. □ 

It follows from this result and from our earlier study of p that the linear extension pu : 
Bn,-27V — ^ M7v(IHI)®" is a homomorphism of algebras. 

At this point, we can uniformise our definitions of the representations p and /jh- Indeed, 
we have defined, for each IC G {M,C,E[}, with the corresponding value of /3 = dimigK, a 
representation 

(48) PK : B„,(2-/3)iv ^ M^(IC)®". 

In the case K. = C, we set pc(7r) = whenever vr G is not a permutation. We shall 
henceforward use the notation p^, that is, in particular, />k instead of p. 

We can now proceed to the proof of our first main theorem in the symplectic case. 

2.8. The symplectic case. The symplectic case is similar to the orthogonal case, but more 
complicated, since there is no expression of the Casimir operator which is really simpler than 



(14). One possibility would be to work through the embedding Sp(A^) — )• U(2A^), but this is not 



the approach which we choose. 

Proof of Theore'm \2.S\ in the symplectic case. To each element vr £ *8n, we associate the function 
Pn on MAr(]H) by setting 

P^{M) = (-2KTr)«" (pe(^) o M®") , 



and the function p^(M) = (-2Af)~^('')p^(M). By Lemma [2i3| we have Pn{lN) = 1- 

Let {SN^t)t>o be a Brownian motion on the symplectic group Sp(A^). We define the functions 
F/v and /at on M_|_ x !B„ by 

FN{t, vr) = E [P^iSN,t)] and /7v(t, vr) = E b,(%t)] , 

and extend them by linearity to M+ x B„^_2Af- The normalisation has been chosen such that 
/Ar(0,vr) = 1 for ah vr G QS„. 
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Let us apply Ito's formula in this new context. Thanks to (47) and Proposition (2.7), we 
have, for all i > and all b G B„ -2N, 



dt 



Fjv(t,6) =E 



Pmib) 



2N 2 2N 



l<i<j<" 



(49) 



reT„ 



which is the symplectic version of (|40|). From this equality, we deduce that for all vr G 
(50) 



d_ 



fN{t,.) = - "^'^/'V ^(t,.) - E (-2iV)^(--)-^W-V^(t,vrr) 



reTn 



+ E (-2^')^^"''^"^^"^~Vjv(t,vrK). 
Kew„ 



Recall that in (50), vrr and ttk can be scalar multiples of basis elements. Just as in the orthogonal 
case, a loop is formed in the product ttk only when k = (ij) and the pair {i,j} belongs to vr, 
and in this case, we have ttk = Nn. 

Let us denote by Lgp^^) the linear operator on B* defined by the following equality, valid 
for all vr G *B„: 



7rr)-^(7r)-l 



/(vrr) 



-reT„ 



+ E (-2iV)^('''')"^W"V(vrK). 



Kew„ 

We also denote by 1 G B* the linear form equal to 1 on each element of *Bn. Then we have 
the equality 

Vi > 0, fNit,-) = e*^sp(iv)i. 

Our discussion of the powers of involved in the operator Lgo(Ar) did not depend on the signs 
of the coefficients, or of factors independent of A^. It remains thus entirely valid for the operator 
Lsp{Af)- Thus, in the basis of B* _2j^f dual to QS^, split as in the orthogonal case, the matrix of 
Lsp{Af) is again 

\ 





( 




Lsp(Ar) — 




O(iV-i) 




[ 


* 



/ 

where as in the orthogonal case, the second column is a polynomial of degree 2 in N^^. In fact, 
we have, formally, the equality Lgp(jv) = Lso(_27V)- 

In particular, Lgp/^Y) admits a limit as N tends to infinity and this limit is of the form 



lim L 

iV— >-oo 



Sp(Af) 



L 







* 



We can conclude the proof as in the orthogonal case. 



□ 
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2.9. Uniform matrices. In the second part of this work, we will make use of a result about 
uniform random matrices on U(A^, K) which can be proved using the techniques which we intro- 
duced in our study of the Brownian motion. 

Proposition 2.8. Choose K. G {M,C,]HI}. Let {Wn)n>i be a sequence of random matrices such 
that for all N >1, Wn is distributed according to the Haar measure on U(A^, K). Then for all 
nGZ\{0}, 

E[trTC)] = 0(iV-i), 
where tr must be replaced by 5Rtr i/lC = H. 

This result is very elementary, and of course not optimal, in the unitary case, since these 
expectations are actually equal to 0. It is also known at least in the orthogonal case (see for 
example [201 Section 4.2]). 

Proof. Choose n G Z \ {0}. Replacing n by —n leaves the expectation unchanged, or conjugates 
it if K = C. In all cases, we may and will assume that n > 1. 

If K = C, the invariance of the Haar measure by translation by scalar matrices implies 
immediately that E [tT:{WJ^)] = 0. 

Let us focus on the case where K G {R, H}. We will write down the proof in the symplectic 
case and indicate the very small modifications which should be made to treat the orthogonal 
case. 

For each > 1, let {Si\i^t)t>o be a Brownian motion on U(A^, H) issued from In and inde- 



pendent of Wn- Then the process {SN,tW]sf)t>o satisfies the first equation of the system (20). 
Moreover, its distribution is stationary, equal to the Haar measure on U(A^, H). It is a stationary 
Brownian motion. Let us define fjy G B* _2j>^ by setting, for each tt G 55^, 

the definition of p-^ being the same as in the proof of Theorem |2.2[ In the orthogonal case, /tv 
would belong to B* ^, and the definition of pj^ would be different, but still the same as in the 



proof of Theorem 2.2 for the orthogonal case. 

The main difference with the cases which we studied previously is that /at, as a function of t, 
is constant, thanks to the stationarity of the process {SN,tWN)t>o- 



In the proof of Theorem 2.2, we made use of the fact that the Brownian motion {SN,t)t>o was 



issued from /jy only at the very last step, in order to specify the value at t = of the function 



fN{t, •)• Before that point, we only made use of the first equation of (20). Hence, the arguments 
which we applied to {SN,t)t>o hold equally for the stationary Brownian motion (5'7v,tVFAr)t>o 
and the function /tv satisfies the differential equation 

= ^/tV = Lsp(Ar)/Ar. 

Let us use the basis of B* dual to 5S„ and see /at as a column vector accordingly. Splitting 
this column as /at = /at + /ad according to the decomposition of the dual basis into dual 
permutations and the other dual elements, and using the form of Lgp(Ar), we find 



for some rectangular matrices A and B which do not depend on N. Since all the components 
of /at are bounded by 1, it follows that for any norm on B* _2Ar) we have ||L/j^|| = 0{N^^). 
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From the definition of L given by (34), and from the fact that a sequence of elements of &n 
with increasing number of cycles has length at most n, we deduce that (L + ^)"' = 0. This 
implies that the spectrum of L is reduced to {f }, so that L is injective. 

Hence, we have in fact \\fj^\\ = 0{N~^), and the expectation E[Ktr(l^^)], which is one of the 
components of is also dominated by N~^. □ 

3. Speed of convergence for words of independent Brownian motions 



Theorems 2.1 and 2.2 , together with a classical result of D. Voiculescu and its extension to the 
orthogonal and symplectic cases by B. Collins and P. Sniady, allow one to determine the limit 
of expected traces of arbitrary words in independent Brownian motions on U(A^, K) as tends 
to infinity. Our second main result provides a quantitative estimate of the rate of convergence 
of such expected traces, in terms of a certain measure of the complexity of the word considered. 

Let us start by recalling how the results of Voiculescu and Collins-Sniady apply in the present 
context. 

3.1. Free limits. We shall not review here the basic definitions of free probability theory. We 
recommend [32] general reference. 

Recall from ( |27| ) the definition of the measures (ft)t>o- A free multiplicative Brownian motion 
is a family {ut)t>o of unitary elements of a non-commutative probability space {A, r) such that 
for all < ti < . . . < tn, the increments utj^ti 1 ^^^^ have respectively 
the distributions i't2-ti , ■ ■ ■ , i^t„-tn-i ■ Free multiplicative Brownian motions exist and can be 
realised as the large N limit of the Brownian motion on the unitary group. 

Theorem 3.1 (Biane, j3j). For each N > 1, let {UN^t)t>o be ol Brownian motion on U(A^) 
issued from I^, associated with the scalar product {X,Y) = NTr{X*Y) on u{N), defined on 
a probability space {Qn,An,^n)- Then the collection {UN,t : i > 0} of elements of the non- 
commutative probability space (L°°(r2Ar, ^AT, Piv)'X'Afjv(C), E(8)tr) converges in non- commutative 
distribution as N tends to infinity to a free unitary Brownian motion. Moreover, independent 
Brownian motions converge to free unitary Brownian motions which are mutually free. 

It follows from our study of the orthogonal and symplectic case, and from a result of Collins 
and Sniady |8i Thm. 5.2] that a similar result holds for orthogonal and symplectic Brownian 
motions. 

There is a small complication due to the fact that we do not regard symplectic matrices as 
complex matrices. Indeed, the algebra L°° {yiN ■, An -.^ n) ® M^iJ^) is a real algebra and not a 
complex one, and we are slightly outside the usual framework of non-commutative probability 
theory. Here is the short argument which we need to find ourselves back into it. 

Consider a real involutive unital algebra A endowed with a linear form r such that t(1) and 
for all a & A, one has r(aa*) > 0. We shall call such a pair {A^t) a real non-commutative 
probability space. It is straightforward to check that the complexified algebra A^C endowed 
with the involution {a®z)* = a*®z and the linear form r^Didc is a non-commutative probability 
space in the usual sense. Moreover, for all a G the moments of a (8) 1 in {A®C,t® idc) are 
the same as those of a in {A, r). 

This being said, we take the liberty of using the language of free probability in a real non- 
commutative probability space. 

Theorem 3.2. For each N > 1, let {RN,t)t>o be a Brownian motion on SO{N) issued from 
In, associated with the scalar product {X,Y) = =yTr(*Xy) on 5o{N), defined on a probability 
space {0,n,An,^n)- Then the collection {RN,t '■ t > 0} of elements of the non- commutative 
probability space (L°°(iljV)-4Ar,PAr)(8'MAr(M),E(8)tr) converges in non-commutative distribution 
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as N tends to infinity to a free unitary Brownian motion. Moreover, independent Brownian 
motions converge to free unitary Brownian motions which are mutually free. 

For each N > 1, let {S]y,t)t>o be a Brownian motion on Sp(A^) issued from In, associ- 
ated with the scalar product {X,Y) = 2NWTi{X*Y) on sp(A'^), defined on a probability space 
(rijv, ^jv, Pjv)- Then the collection {S^^t : ^ > 0} of elements of the non- commutative probabil- 
ity space (L°°(Q7V) -^Af) IPAf) <Xi -^Af (H)) 3?tr) converges in non- commutative distribution as N 
tends to infinity to a free unitary Brownian motion. Moreover, independent Brownian motions 
converge to free unitary Brownian motions which are mutually free. 

The main result on which this theorem rehes is the following. 

Theorem 3.3 (Voiculescu ; Collins, Sniady). Choose K G {M, C,]HI}. Let (^Ar_i, . . . ,AN,n)N>i 
and {Bjy^i, . . . , i?Ar,n)Af>i be two sequences of families of random matrices with coefficients in K. 
Let ai, . . . , a„ and 6i, . . . , 6„ be two families of elements of a non- commutative probability space 
{A,t). Assume that the convergences in non-commutative distribution 

{An,1, . . . ,AN,n) («l,---,a„) and {Bni,. . . ,BN^n) (&l,---,^n) 

hold. Assume also that for all N, given a random matrix U distributed according to the 
Haar measure on \J{N,K) and independent of (^at^i, . . . , A^^ni B^ i, . . . , B^^^), the two fam- 
ilies {An,i, ■ . .,AN,n,BN,i, ■ ■ ■,BN,n) and {UAn,iU~^, UAN,nU~'^ , Bn^i, . . .,BN,n) have the 
same distribution. Then the families {ai, . . . , an} and {hi, . . . , &„} are free. 

For the sake of completeness, and also because our treatment of the symplectic case differs 
from the most frequent one, we give a proof of this theorem in Appendix \K\ 



Proof of Theorem \3.^ We shall treat the symplectic case, and say at the end how the proof must 
be adapted to suit the orthogonal case. Let us choose a free multiplicative Brownian motion 
{ut)t>o on a non-commutative probability space {A,t). We prove by induction on n that for all 
ordered n-tuple of reals ti < . . . < tn, the increments SN.ti, SN,t2S]^\^, • ■ • , SN,t„S]^\^__^ converge 
in non-commutative distribution towards mutually free unitaries with respective distributions 
fii , ut2-ti , • • • , i^t„-t„-i , that is, towards (n*, , ut^u^^^, ut„u~[^_^). 

For n = 1, since 3^,1^ is unitary, the convergence of the moments of arbitrary integer or- 
der, including negative integer order, granted by Theorem |2.2[ implies the convergence of 
'E^iip{SN,ti-, S*^ to T{p(ut^,ul^)) for all polynomial p, which is the definition of the con- 
vergence in non-commutative distribution. Since for n = 1, the assertion of freeness is empty, 
the property is proved. 

Let us consider n > 1 and assume that the property has already been proved for n — 1 
increments. Let us consider ti < ... < t„. By Lemma 1.4, the increment SN^t„S^^^ ^ has 
the distribution of S]\f,tn-t„-iJ so that the property for n = 1 implies that it converges in non- 
commutative distribution to ut^u~[^_^ . On the other hand, the property at rank n — 1 implies that 
the increments Sn^h, SN,t2'S]^\^, ■ ■ ■ , SN,t„_iS]^\^_^ converge in non-commutative distribution 
towards ut^,ut2U~[_^ , . . . , ut„_^u^^_^. Moreover, by Lemma 



1.4 



again, the increment S^tn^is 



is independent of the other increments which we are considering, and its distribution is invariant 
by conjugation by any deterministic element of Sp(A^), hence by conjugation by an independent 
uniform random matrix. 

Theorem 3.3 implies that the limits in non-commutative distribution of SN,t„S^\ ^ and 

iSN,ti,SN,t2S'^^t^,- ■ ■ , SN,t„-lS^^^^^_J are free. Hence, {SN,ti, SN,t2SN]ti^ ■ ■ ■ ' ^N,t„S]^^^^__^) con- 
verges in non-commutative distribution to (ut^, UfjU^^, . . . , ut„Ut^_-^^)- D 
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3.2. Second main result: speed of convergence. In this section, we state our second main 
result, firstly in its most natural form and then in the form under which we will prove it. 

Let K be one of our three division algebras. We denote generically by (VAr,s)s>o ^ Brownian 



motion on U(A^, K) as defined in Section 1.4 We are going to consider several independent 
copies of this Brownian motion, with which we are going to form a word, of which in turn we 
will estimate the expected trace. The number of independent copies which we use to form our 
word will not appear in our final estimates, and this is one of their main strengths. We will 
nevertheless fix this number and denote it by q. Let us thus choose an integer q > 1, which will 
stay fixed until the end of Section |3j 

We shall denote by Mg the free monoid generated by the 2q letters xi, . . . ,Xq,x^^ , . . . ,x~^. 
As a set, Mg consists in all finite words in these 2q letters, which are to be treated as 2q unrelated 
symbols. Two words can be concatenated, without any cancellation, and this endows Mg with 
an associative operation for which the empty word is the unit element. Let w be an element 
of Mg. It is thus a word of the form x^^ . . . x^^, where r > is the length of w, and ei, . . . , 
belong to {—1, 1}. If ui, . . . , Ug are invertible elements of an algebra, we denote by w{ui, . . . , Ug) 
the element . . . *■ of this algebra. We shall use this notation for matrices and for elements 
of non-commutative probability spaces. The following notation will also be useful later: if 
Ui,... ,Ug belong to U(iV, IC), we shall denote hy w,^{Ui, . . . , Ug) the element U-^ . .<^U-^ of 
Miv(]K)®^ 

The notation suggests a natural homomorphism of monoids from Mg to the free group Fg on 
q letters, which sends Xi G Mg to Xj G Fg, and x^^ S Mg to the inverse of S Fg. The definition 
of w{ui, . . . , Ug) depends on w only through its image by this homomorphism and we shall also 
use it when w is an element of Fg. Observe however that this is not true for w^{Ui, . . . ,Ug). 

We use the free monoid Mg to produce a non-commutative probability space in the usual way. 
Let C[Mg] be the complex algebra of the monoid Mg. It is isomorphic to the algebra of complex 
polynomials in 2q non-commuting indeterminates. It carries an involution characterised by the 
equality (Axj)* = Ax,^^, valid for all i G {!,..., g} and all A G C. This involution is anti- 
multiplicative, so that for all words wi and 102, one has {W1W2)* = 'W2WI. 

Let us fix an integer > 1. Let {V]y^i^s)s>o, ■ ■ ■ , {^N,q,s)s>o be q independent Brownian 
motions on the group U(A, K). Let also {ui^s)s>o, ■ ■ ■ , {uq,s)s>o be q free unitary Brownian 
motions which are mutually free, carried by a non-commutative probability space {A,(p). 

In the words which we shall consider, each of our q Brownian motions will possibly appear 
several times, but always evaluated at the same time. Since the increments of a Brownian 
motion are independent, and since the number of independent Brownian motions which we 
consider does not affect our estimates, this does not entail any loss of generality. The times 
at which we evaluate our Brownian motions are of course important, and we put them into a 
vector t = {h, ...,tg)£ Rl- 

Let us define a state rf'^ on C[Mg] by setting, for all w £ Mg, 



(51) r^' [w 



E [tr {w{VN,i,ti,- ■ ■ , VN,g,t,)] if K = M or C, 
E [mi {w{VN,i,t, , . . . , VN,g,t,)] if K = M. 



Theorems 3.1 and 3.2 assert that, as N tends to infinity, ' converges pointwise to the state 



Tt defined by 

Tt{w) = ip{w{ui^ti,- ■ -^Ug^tg))- 

The main result of this section gives an explicit bound on |rf''^(u;) — Tt{'w)\. This bound must 
of course depend on the word w. It does so through a certain non-negative real which we assign 
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to each pair {w,t) G x M|^, and which we cah its Amperean area, for a reason which shah 
become clear in the second part of this work. 



Let us define q functions ni, . . . , : Mg — ?■ N, which could be called partial lengths, as follows. 
For all element w of Mg, written as w = x^^ . . . x^^ , and all A; G {1, ... , q}, we define nf^^w) as 
the total number of occurrences of the letter in w, that is. 



(52) nk{w) = #{j G{l,...,r}:ij=k}. 

We do not make any distinction between Xk or x^^. For example, n3(x3XiX3 ^) = 2. Using these 
partial lengths, we define the Amperean area of the word w relative to t as the real number 



(53) 



q 

E 

k=l 



Let us emphasise that this number does not really depend on q. We could see the word w as 
a word in infinitely many letters, and t as a infinite vector with only finitely many non-zero 
components. The main estimate is the following. 

Theorem 3.4. For all word w G M„ and all N > 1, the following inequality holds: 



(54) 



'(w) - Tt{w)\ < 



1 
1 

N 



K{w)e 



At{w) 



A 



t[w)e 



At(w)) 



ifK 
ifK 



or . 



We will in fact prove a more general result, which asserts that the same bounds hold for 
quantities which are built from the word w but which are more general than Tf''^{w) and Tt{w). 



Just as in the proofs of Theorems |2.1| and 2.2, this generalisation is meant to provide us with a 
finite set of functions of t = {ti, . . . ,tq) which satisfies an autonomous differential system. The 
quantities which we will consider are very similar to the functions /Ar(t, vr) considered in these 
proofs. In particular, we will need a larger set of quantities in the orthogonal and symplectic 
cases as in the unitary case. 

Let us start by the unitary case. For this, let us consider again an element w of Mg, writ- 
j^''. Let us consider a permutation a G &r- We write {ji---js) ^ o" to 



ten as w 



indicate that (ji . . .js) is a cycle of a. Recall from the beginning of Section 2.4 that we de^ 
fined pcia) G M7v(C)® 



,Un. 



q,tg 



^ Recall also, from the beginning of the current section, the notation 
In agreement with the convention made at the end of Section 



L4 



we 



denote respectively by R, U and S the orthogonal, unitary and symplectic Brownian motions. 
With all this preparation, we set 



Pt 



AT-^Me [Tr®^XPc(^T) o w^iUN,i,u,. . . , UN,,,t,))] 



E 



(ii---is)^o- 



and 



. . u, 



■n 



i ■ i 



Pt{w,a)= ip 

{jl...js)^a- 

As usual, we extend these definitions by linearity with respect to cr, so as to allow an arbitrary 
element of C[<3n] to replace a. 

In the orthogonal and symplectic cases, we introduce the analogous functions indexed by 
pairings. Let r > 1 be an integer. Let tt G QS^ be a pairing of {1, ... , 2r}. Recall the construction 
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of the permutation G 6^ and the signs £77(1), • • • , £-k(t^ made at the beginning of Section 2.8 
The fohowing definitions imitate the equation (|44|). We define, in the orthogonal case, 



Vt 



E 




Tfla 



and, in the symplectic case, 

p^i^,^) = (-2iV)-^WE [(-2KTr)«'-(/,H(^) o w^{SN,ify,. ■ ■ , WJ)] 



E 



Yl Ktr ( ( S^'^ 



'^3 



We have left the case r = aside. In this case, w is the empty word, the unit element of Mg, 
and vr the empty pairing of the empty set. For the sake of this case, we define 0) = 1. 

Let us also define, for both the orthogonal and symplectic cases, pt{l,0) = 1 and 



Pt{w,TT) 



n ^ 



'^i t- 



We extend these definitions by linearity with respect to tt, in order to be able to replace vr by 
an arbitrary element of B^^at in the orthogonal case, or 'Br,-2N in the symplectic case. 

If we apply these new definitions with o" = (1 . . . r), we find pf''^ {w, (1 . . . r)) = Tf''^{'w) and 



Pt{w, (1 . . . n)) = Tt{w), so that the following proposition implies Theorem 3.4 



Proposition 3.5. Let w G Mg he a word of length r > 0. Let N > 1 be an integer. The 
following inequalities hold: 



and, for K 



or K = m, 



niax|pi' {w,a) -pt{w,a)\ < ^j^At{w)e 



At{w) 



max \pf'''{w,7T)-pt{w,7T)\ < AtHe^*^"') 



re's 



N 



Finally, if we replace the Brownian motion on U(A^) by the Brownian motion on SU(A^) in 



the definition of p^ 



C,N 



then 



1 



niax \pf{w,a) -pt{w,a)\ < ^j^At{w)e^^'^'"^ + e^N 



o-ee 



1. 



We will moreover get the following information from the proof of this proposition. 

Proposition 3.6. ForM. = M orK = C, the expected trace of any word in independent Brownian 
motions on IJ{N, K) is real. 

3.3. Ito's equation for words. With our present notation, Section[2]was devoted to the study 
of quantities of the form p^'^{w,7r) when w is a non-negative power of a single letter. In the 
present setting, we need to extend this study in two respects: firstly, we need to allow more than 
one letter to appear in w and secondly, we need to allow negative powers of letters to appear. 
The treatment of the latter issue requires the introduction of some new notation, which is forced 
upon us by Ito's formula. Let us see how. 
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Let w G Mq be a word of length r > 0. In this paragraph, we will write Ito's formula for 

w^{Vi\f^i^ti ) • • • ) VN^q^tq) when among the times ti, . . . ,tq, all but one arc fixed. The integer A'' is 
fixed in this section and we will omit it in the notation. The first fundamental relation is the 
stochastic differential equation satisfied by V^*, namely 

dV; = -Vt*dKt + "^^^^V^dt. 

The algebra Mn{K)^^ is both a left and right M7v(]K)-module in r different ways: for each 
ie{l,...,r} and all X, Mi, . . . , € Mjv(]K), we define 



0^{X) • Ml (g) . . . (g) Mr = Ml (g) . . . (g) XMi (g . . . (g Mr, 

(55) • Ml (g . . . (g Mr = Ml (g . . . (g MiX (g . . . (g M^. 

With this notation, we unify Ito's formulas for Vt and VJ~^ = V*. Indeed, for all e G { — 1, 1}, 

(56) dVf = eeiidKt) ■ + ^^F/ dt. 

Here and thereafter, we identify the sets {—1, 1} and {— , +} in the obvious way without further 
comment. 

Note that Q'^ and satisfy the following relation of adjunction: for all ^1,^2 £ M7v(IK)®'', 

(57) TV^-^ {{ef{x) . a)6) = Tv®^ (^) • 6)) • 

Let us write w = x\'^ ■ ■ - xll- For each k G {1, . . . , g}, let us record the positions of and 
x^^ m. w by defining 

(58) Xk{w) = {je{l,...,r}:ij = k}. 

For example, ii w = X2Xi^Xsx1x2, then Xi{w) = {2,4,5}. Recall that nk{w) is the cardinal of 

Lemma 3.7. Choose k G {!,..., g}. Choose q—1 reals ti, . . . ,tk-i,tk+i, ■ ■ ■ ,tq > 0. Ito's 
formula for the process [wi^{Vi^ti,- ■ ■ > ^q,tq))tk>o '"^"^^ 

+ "fc(w) "^^'"^^ . . . , Vq^tq)dtk 

(59) + eiem{el^®e'^){C^)-w^{V^,t,,...,Vq,tq)dtk. 

l,m&Xk{w) 
l<m 

In particular, for all tt G 53^, or all tt E &r if^ = C, 

Q^Pt {w,7r)= Pt' {w,7r) 



(60) + Y e/^-AT-^WE [tV^'- [( [ep ® e-^-) {C,^n,k)) ■ PK^y^iViM^- ■ ■ , Vq,tq) 

l,m&X}^{w) 
l<m 

or the same equality with N replaced by {—2N) and Tr replaced by (— 23f?Tr) i/ IK = H. 
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Proof. The equality (59) is only a matter of notation. We apply Ito's formula in its most usual 
form to w^iVi^ti, ■ ■ ■ , ^q,tq), using Ito's formula for a single Brownian motion as written in (56) 



and with the help of the operators Of^ defined by (|55l). The Casimir operator appears thanks to 



the expression (18) of the quadratic variation of {Kt)t>o- 

Equation (60) follows from (59), the definition of p^' {w,tt) given earlier in this section, and 
the adjunction relation (57). □ 



3.4. The Brauer algebra III. It appears in (60) that we need to compute the quantity 
{0^^' '^^m"^) (C'u(Ar,K)) " PwX'^)- We are already familiar with this quantity when ei = Sm = 
1, since in this case it is simply PK{'^)iCu(N,K))im- Similarly, when ei = £m = —1, it is 

Our aim in this last section devoted to the Brauer algebra is to describe these quantities 
for all values of £i and Em- For this, we will introduce six linear operations on the Brauer 
algebra B„^a which generalise the operations which we have already encountered of left and right 
multiplication by transpositions and contractions. Note that we consider the Brauer algebra of 
order n, although in the context of Section |3j we take n to be the length of our word w, which 
we denote by r. 

Let us choose n > 1 and two distinct integers a,b in {1, . . . , 2n}. Let us start by describing 
two simple linear operations associated to a and b on the Brauer algebra B„^a- For this, let us 
choose a pairing vr G Let {a, a'} and {6, b'} be the pairs of vr which contain a and b. These 
pairs must not be distinct. The first operation which we define is the swap of a and b: we set 

Sad^) = {tt \ {{a, a'}, {b, b'}}) U {{b, a'}, {a, b'}}. 

The second operation is the forcing of the pair {a,b}: we set 



(vr \ {{a, a'}, {b, b'}}) U {{a, b},{a', b'}}. if {a, b} ^ vr, 
Avr if {a, b} G vr. 



The factor A in this definition can be understood as follows: applying Fa^b consists in adding 
twice the pair {a, 6}, once to form the pair itself, and once to form, by contiguity with the pairs 
{a, a'} and {6, b'}, the pair {a' , b'}. If the pair {a, b} is already present in vr, then this procedure 
forms a loop, hence the factor A. 

We can now define the six operations which we are interested in. Let us choose two distinct 
integers l,m in {l,...,n}. We define six linear endomorphisms of B„,\, which we denote by 
'^im~ ^ '^im ^ '^im ^^im ^ ^im ^irrT ^ according to the following table, where the second row 
defines the first. 



rp+ + 


T — 






P 

Mm 






^n-\-l,n-\-m 






-^n-\-l,n+m 





We complete these definitions by setting T, 



Im 



ml 



and P, 



Im 



ml 



One checks that if 

{l,m} n = 0, then with all possible choices of signs, the following commutation relations 
hold: 



(61) [T,-, T**] = [T,-, P**] = [P,-, P**] = 0. 

It follows immediately from the definitions that the following equalities hold: 



^„ (vrj = vr(/m), T^;;(7r) = (Zmjvr, P;++(vr) = vr(/m), P'^ {^) = {lm)7r. 

The definitions of 7]^" and P^^ may look inconsistent with the previous ones, but the following 
lemma explains why we chose them in this way. 
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Figure 6 . In the first line, the operation Tg^"*" is applied to the pairing represented on 
the left. The result is represented on the right. The second line is a similar representation 
of the operation ^54^. 



Lemma 3.8. Let it G 5S„ be d pdirifig. Let l^ui be distifict ifitcgevs between 1 GTid fi. Let Si^Syji 
be two elements — 1, 1}. The following equalities hold in B^^tv- 

{07'' ^5 0-^-) (T) . p{7T) = p{T[^-{7r)) and (^p' » ^^^-) (P) • ^(vr) = piP^^^ (tt)). 

Proof. In the case where £i = Em = the first equality follows from the identity (^0^ (T)- 
p{7r) = p{{l m))p{'ir) and the fact that p : Bn,N M7v(M)®^ is a homomorphism of algebras (see 




Section 2.5). The same arguments apply to the second equality, as well as to both equalities in 
the case where ei = Sm = ^. 

Let us compute {6^ ® 6^) (T) • p{Tr). We will make the assumption that I < m but this plays 
no role in the computation. We find 

{or ® 0^) (T) • p(7r) = J2 in ) • • • ^ E,^+unEab EbaEi^^^,i^ (g) . . . 

il,...,i2„,a,b=l \{u,v}eTT j 

Kir.+m n ^iu,lA ■■■^Ei^^^^l,® ...(^Eb^i^® .... 
{M,D}£7r J 

If {/, n + m} is a pair of vr, then the factor is already present in the product over the pairs 

of vr, the matrices -E^i„+;,fe and E^^i^ can be respectively replaced by Ei^^^^ii and Ei^_^^^i^, and 
we recover p(7r), multiplied by the factor due to the now superfluous index b. If {/, n + m} is 
not a pair of vr, then we perform the summation over ii and in+m which do not appear in the 
tensor product anymore. We have the partial sum K'iih^in+^^in+^,i^> = K>^^^'- 

finally use the index b to reintroduce ii and in+mi according to the relation 

X] • • • ® ^in+l,b ^ • ■ ■ ^ Eb,i^ . . . = ^il,ir.+m • • • ® ® • • • ® ® • • • , 

and find ourselves left with the very definition of p{T^{'k)). 

The computation of (OY ® 0+) (P) • p{'n) is similar, but the difference is significant enough 
for us to deem it necessary to give some details. We have 

{07 ®et,){P)- p{^)= ( n ^iu,^A■■■<^E,^^,^i,Eab®...(gEabEi^^^^i^®... 

Y yiuaK+m,b n ^^v..iA---®Ei^^^^b®...®Ea,i^®.... 

il,...,i2„,a,b=l \ {u,t)}G7r / 
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If {l,n + m} is a pair of vr, then the only non-zero contributions come from the terms where 
a = b = ii = in+m and the last expression is equal to p(vr). Otherwise, we can sum over in+m and 
ii thanks to Yli^^^^i^ (5a,i,'^i,,j;,56,i„+„5i„+„,i^, = 5a,i;,'^6,i^, and use the same formula in the reverse 
direction, only exchanging ii and in+m, thus replacing 6a,ii,6h,i^, by 5a,i„+,Ji„+,r.,iv^b,iiK,i. 
If we finally replace a by in+m. and b by i;, we find /9(Pj^~(7r)). □ 

In the unitary case, we are going to apply Lemma |3.8| only when tt is a permutation and 
considering only the actions derived from T. It follows from the observation made just after 
their definition that and leave the subspace C[(3„] of B„^jv invariant. The next lemma 
asserts the same of . 

Lemma 3.9. Let X be a complex number. The linear subspace C[6„] of3n,\ is stable by . 
More precisely, let a be an element o/©„. For all distinct integers l,m between 1 and n, we 
have the following equality in C[(3„]; 

Proof. The pair {/,n + m} belongs to the pairing associated to a if and only if a{l) = m. The 
formula is thus true in this case. Let us assume that a{l) ^ m. Then T^{a) is the pairing 
associated to a in which the pairs + ct(/)} and {a~^{m),n + m} have been replaced by 
{(T~^(m),n + (t(/)} and {l,n + m}. It is the pairing associated to a permutation which 
satisfies a{i) = a{i) for all i G {1, . . . , n} \ {(j^^(m), /}, cr{a^^{m)) = a{l) and a{l) = m. Thus, 
a = {cr{l) m)a, as expected. □ 

In the symplectic case, we will need, in addition to the tools developed for the unitary and 



orthogonal cases, a description similar to that given by Lemma 3.8 of the behaviour of the 



homomorphism 7 defined by (45) with respect to the operations and . Recall from 



(12) the definition of Re" and Co* 



Proposition 3.10. Let vr G 5S„ be a pairing. Choose two distinct integers l,m in {1, . . . ,n}. 

Then 



{07'' ® em'-) (Re=) • 7(vr) = liT^^^^ {tt)), 



Proof. When = Em = — Ij the two assertions are a consequence of Proposition 2.7 The other 
cases are treated exactly in the same way as we proved Proposition |2.7[ We summarise in Figure 
[7] the information which is needed to the prove each equality on the model of the computation 



given extensively in the proof of Proposition 2.7 This table contains in fact all cases, including 



those of Proposition 2.7 itself. □ 



3.5. The unitary case. We now turn to the proof of Proposition 3.5 in the unitary case. 
Just as in the proof of the first main result, the strategy is to differentiate with respect to 
t = (ti, . . . , tq), to show that p^'^ {w, a) and pt{w, a) satisfy differential relations which are not 
very different. The difference with the first main result is that we will quantify the difference 
between the differential systems and draw quantitative conclusions on the difference between 
p^''^{w, a) and pt{w, a). The following elementary and well-known fact will be instrumental. 

Lemma 3.11. Let d > 1 be an integer. Let \\ ■ \\ be a norm of algebra on M^iC). Let A,B be 
two elements of M(i{C). Then 

(62) ||e^+^ - e^ll < ||5||e™''''(ll^+^ll'"^"). 



42 



THIERRY LEVY 





rp++ rp rp^ 

Im Irn Irn 


P++ p pH — 

Im Irn Im 


Same 
cycle 
ei = 1 


— 1 


1 1 0* or 1 

n 




113 


— 1 





0* or 1 0"f or 1 1 


Different cycles 


-1 -1 -1 



-1 -1 -1 



If and only if * a-Tr{l)=m or ^ aTr('rn)=l. 
*'^A factor A is produced. 



Figure 7. The table is read as follows. Consider a paring tt e *B„. Choose m distinct 
integers between 1 and n. Whether I and m are in the same cycle of or not, and if 
they are, whether £7r(0^7r(™) = 1 or — 1 determines which row of the table we must look 
at. When I and m are in the same cycle, we orient this cycle in such a way that ei = 1. 
The entry of the table corresponding to the operation we are interested in tells us how 
the number of cycles of tt will be affected by this operation, if it will produce a factor A 
(the parameter of the Brauer algebra), and which of the four identities (|l| - (IV) is used 
in the proof of the corresponding part of Proposition |3.10| 



Proof. We simply write 



1 d_ 
dt 



\t(A+B)^{l-t)A 


dt 


^/ 




dt 






Jo 







< \\B 

and find the expected inequality, 



^t\\A+B\\+{l-t)\\A\\ < ||^||grnax(||A+B||,||A||)^ 



□ 



We will apply this result with the norm on Mrf(C) associated to the norm on C^. It 
matters for us that this norm is given explicitly, for a matrix A = (^ij)ij=i...d, by 



(63) 



l^ll 



max > \Aij\ 
1=1. ..d'^ ■' 



Proof of Proposition 3.5 in the unitary case. Let w = x^^ . . . x^"^ be a an element of Mq. Let 
(7 G ©r be a permutation. We start from the result of Lemma |3.7| and more specifically from 



(60), applied to the word w, the pairing tt = a, and an integer k E {1, . . . ,q}. 
Let us apply Lemmas 



_d_ ^C,N I 
dti 



3.8 



and 



3.9 



Thanks to the expression (15) of Cu(jv), we find that 
p^'^{w,a) + "'°2"'^ Pt'^(w, a) is equal to 

Z,m£Xfc (ui) 
l<m 

Let us write / ~ m if Z and m are in the same cycle of a, and I ^ m otherwise. Using the left 
half of the first third rows of the table [7| we find 

(64) {w,a) = - — 



pf^{w,a)- Y: (l.^m + ]^V-)^^^-^'rKr--(a)). 



l,mGXic (w) 
l<m 
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If a term occurs in this sum with £/ = 1, Sm = —1 and a{l) = m, then we have (cr) = Na 
and this term produces a contribution of order N^. 



Let us write (64) in its integral form 

Pt'''{w,a) = 1 + / (r.h.s. of ^ at t = s) ds. 
Jo 

As tends to infinity, the pointwise convergence of p^'^ (it;, a) towards pt{w,a), the fact that 
cr)| < 1 and the dominated convergence theorem imply that 

Pt{w,a) = 1 + J ^r.h.s. of (64) at — = and t = ds. 

Hence, the family of functions {pt{w,a) : a £ &r} satisfies the following differential system: for 
all cr G ©r, 



Pt{w,a) = -''^pt{w,a)- Yl eiemPt(w,T[^"'{a)). 



To the word w, and for each k £ {1, . . . , q}, we may thus associate two real r! x r! matrices 
All and C^, as follows. We define, for all a, a' € &r, 



l<m,lr^m 



T,± {a), a' 



and 



l,m£Xi^{w) 



t;'""(<7),<7'- 



For all distinct ki,k2 G {l,...,q}, the sets Afc^(i(;) and Xk2{w) are disjoint, so that (61) 
implies the commutation relations 



(65) 



Let us define the vector p^'^ {w) = (p^'^ {w,a))a£6r- write explicitly the dependence 



of pj' (w) on ti, ... ,tq. We have 



,p 



{0,t2,-,tq) 



Moreover, o)(^) ~ vector of C^' whose components are all equal to 1. Thus, we have 

(66) 



where the order in this product is irrelevant, thanks to (65). Similarly, defining pt{w) 
{pt{'w,a))a£6ri we have 



(67) 



1. 



\k=l 
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We can express the norm of the difference: 

II C.N f \ I 



< 



< 



E 

1=1 



k=l k=l / 



k=l+l 



E n 

1=1 k=i+i 



' k=i 

i-i 

k=l 



Recall from (63) the definition of the norm which we are using on M^(C). It is easy to check 

nfc(u;)2 



that the following inequalities hold for all > 1: 



(68) 



1^.11 < , \\Ck\\ < , 



Now, applying (62) and thanks to (68), we find 



k=l 



l-l 



1=1 k=l+l 



2Ar2 



A{w)e 



lA(i«) 



which is the expected inequality. 

In the case of the special unitary group, the last assertion of Proposition 1.5 implies that each 
function pf^ (w) is multiplied, regardless of o", by the factor 



exp 



The inequality to prove in this case follows now from the fact that < 1. 



rAt(to) 



□ 



3.6. The orthogonal case. The proof in the orthogonal case follows the same pattern as in 
the unitary case. 



Proof of Proposition 3.5 in the orthogonal case. Let w 



be an element of Mg of 



length r. Let vr E be a pairing of {!,..., 2r}. We start again from (60), applied to w, 



TT and an integer k E {1, . . . ,q}. We find, thanks to Lemma 3.8 and (38), that 
^pI'^{w,tt) + nfc(u;)^^^p*''^(u;,7r) is equal to 



'(vr)) O W^{RN,l,ti,. ■ ■,RN,q,tS)] ■ 



/,mGVfe(to) 
l<m 
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Prom this expression, we deduce 



(69) 



d_ 
dtk 



KNf N nk{w){N -1) . jv/ X 



H,JV / \ 



l,m,&Xk{w) 
l<m 



l,m£Xk{w) 
l<m 



We claim that the only exponents of which can appear in this sum are 0, —1 and —2. For 
the terms where £/ = e-m, this is something which we already discussed in the one- matrix case. 



Recall i n pa rticular from the proof of Theorem 2.2 in the orthogonal case, which we gave in 
Section 2.6 that in the case where {lm)iT = Ntt or 7r(/m) = A^vr, we get a term of order N^. 
The situation is the same for T;+-(7r) and Pitkin): both ^(r;+"(7r)) -^(vr) and £(P;+"(7r)) -^(vr) 
belong to {—1, 0, 1}. Moreover, in the case where T)^~(7r) = A^vr, we get a term of order N^. 

As in the unitary case, the integral form p*'^ (tt), vr) = 1 + (r.h.s. of ( 69 ) at t = s) ds of ( 69 ) 
converges, as N tends to infinity, to pt{w, tt) = 1 + (r.h.s. of (69) at = and t = s) ds. 

Hence, the family of functions {pt{w,TT) : vr G !Br} satisfies the following differential system: 
for all vr G !Br, 



(70) 



dtk 



Pt{w,TT) 



Pt{w,TT) 



+ Y ^l^'mPtiw.P^^^ri^))- 



Let (2r)!! = 111=1 (^^ ~ ^) denote the cardinal of 'Br. To the word w, and for each k G 
{!,... ,q}, we associate three matrices Ak, Bk and Ck in M(2r)\\{^)-: as follows. We define, for 
all 7r,7r' G 



(B 



kjTT, 



(71) (CkU. 



rikiw) 



nk{w) 



'(7r),7r" 



l,mGXii(w),l<m 
l,mS:Xk{w).l<m 



l,mGX^.{w),l<m 



{7r),7r' 



, + 



E 



(7r),7r" 



l,m(^Xi^{w),l<m l,m(iX],{w),l<m 



(7r),7r" 



which satisfy commutation relations analogous to (65): for all distinct ki and /c2 in {!> • • • jQ}, 



each of the matrices Ak-^ , Bk^ , Ck^ commutes with each of the matrices Ak2 , -Bfcj > Ck2 ■ Setting 
p^'^{w) = (Pt '^(u^, vr))7re!8r-) have p^^^ o)(^) ~ vector of M^^'')'' whose components are 
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all equal to 1, and 
(72) 



P{h,...,t,)' 



Similarly, if we define ptiw) = 7r))^gi8r) 'we fiave 



(73) 



The same computation as in the unitary case shows that \\p^'^{'w) — pt{w)\\oo is smaller than 



5 9 

E n 



1=1 k=l+l 

It is easy to check that the following inequalities hold for all > 1: 



i-i 

n 

k=l 



(74) \\Ak\\ < nkiwf , 



Ah H Bi. H FrCi. 



< 



nfc(w) 



Now, applying (62) and thanks to (74), we find 

iic...,t.)H-p(*....,t.)Hiioo<E n 

1=1 fc=/+i 

1 



N 



i-i 

gt;n,(ui)2 JJ gtfcnfc(t«)2 
k=l 



N 



which is the expected inequality. □ 
3.7. The symplectic case. 

Proof of Proposition 3.5 in the symplectic case. Let w = x"^^ be an element of Mg of 

length r. Let vr G 5Sr be a pairing of {l,...,2r}. By (60), Lemma 3.8 Proposition 3.10 



and (|47|), ^p^'^ {w , tt) + r\k{w) ^ ' p^'^{w,tt) is equal to 

eiem{-2Nr'^-)-'^ [(-25?Tr)«^ K^'-W) o ^«(%i,„ . . . , 5^,,,J)] 



/,meXfc(ui) 
l<m 



+ 



E eie^(-2iV)-^W-iE [(-25RTr)«'- (Pf^^™(7r)) o w^{SN,i,t,,. ■ • , %,,tj)] 



l<m 



From this expression, we deduce 

r>k{w) e,iv/ N nk{w){2N + l) 
-Pt {w,Tr)=-- 



nk{w)tk' 



AN 



H,JV / \ 
■Pt {'W,'^) 



l,m(iX}^ iw) 
l<m 



(75) 



"(7r))-<?(7r)-l M,]V/ peie. 



pf-{w,P[^-{7r)). 



l,m&Xf^(w) 
l<m 



For the same reason as in the orthogonal case, the only exponents of which can appear 
in this sum are 0, —1 and —2. Still as in the unitary and orthogonal cases, the integral form 
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P^''^{w,tt) = 1 + /q (r.h.s. of (75) at t = s) ds converges, as tends to infinity, to pt{w,TT) = 
1 + £ (r.h.s. of (|75]) at ^ = and t = s) ds. We recover, in the hmit, the differential system 
{[TOj). 

To the word w, and for each k G {1, . . . ,q}, we associate the same matrices and Ck in 
-^(2r)!!(I^) defined by (71), and a matrix B^, which differs from Bk only by its diagonal terms, 
to compensate the difference between Cgo{N) and Cgp(^): we define, for all 7r,7r' € *Br-, 



Setting p^''^{w) = {p^''^{w, vr)),^^*^,,, we have o)^^'' ~ vector of M^^'')'' whose compo- 

nents are all equal to 1, and 



(76) 



By (73) and the same computation as in the other cases, \\p^' (w) — Pt{'w)\\oo is smaller than 



E n 



tfciiAfc-^B 



1 1 



2N 4JV- 



CkW 



. J_ R' 
2N 



1=1 k=l+l 

It is easy to check that the following inequalities hold for all > 1: 



i-i 

n 

k=l 



MAkW 



(77) \\Ak\\ < nkiwf , 



< rtkiwf 



< 



N 



Now, applying ( 62 ) and thanks to ( 77 ) , we find 



iiP{'tf!...,t,)H-?'(ii,...,i,)(^")iu n ^ 

1=1 k=i+i 



tkUkiwf tMwf ^t,n,iw? JJ ^tkUk^wf 
^ k=l 



N 



which is the expected inequality. 



□ 



Part 2. The master field on the plane 

In the second part of this work, we apply the results of the first part to the Yang-Mills measure 
on the plane and, specifically, to its large limit. 



4. The Yang-Mills measure on the plane 

Let us start by recalling the definition of the Yang-Mills measure on the plane. For a more 
detailed presentation, we refer the reader to [25] , although strictly speaking the case of the plane 
was not treated there. 

We consider the plane M? endowed with the usual Euclidean distance and the Lebesgue 
measure. 

Let us choose a connected compact Lie group G which will stay fixed throughout this section. 
The examples which we have in mind are of course the special orthogonal, unitary, special unitary 
and symplectic groups which we studied in the first part of this work, but for the purposes of the 
definition of the Yang-Mills measure, we do not need to specify G. We denote the Lie algebra 
of G by g and we endow it with a scalar product invariant by the adjoint action of G, which we 
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denote by (•, •). For example, one can think of G being U(A^) for some > 1, so that q = u{N), 
and the scalar product on q being given by {X, Y) = NTr{X*Y). 

The Yang-Mills measure, or rather, the Yang-Mills process, is a collection of random variables 
with values in the group G, one for each loop with finite length on M?. In order to construct 
this collection, one proceeds by discrete approximation, considering at first only loops which are 
traced in a fixed graph. We start by recalling the main aspects of this discrete theory. 



4.1. Discrete Yang-Mills field. Let us start by giving precise definitions of the sets of paths 
which we will consider. A parametrised path on is a Lipschitz continuous mapping c : [0, 1] — )• 
which is either constant or such that its speed is bounded below by a positive constant. A 
path is a parametrised path taken up to bi-Lipschitz increasing reparametrisation. The set of 
paths on is denoted by P(M^). 

The endpoints of a path are denoted respectively by c = c(0) and c = c(l). Two paths ci and 
C2 such that ci = C2 can be concatenated to form a new path denoted by ciC2- This partially 
defined operation on P(M^) is associative. For each path c we define the path which is the 
class of 1 1— 7- c(l — t), the path c traced backwards. 

A path whose endpoints coincide is called a loop. The set of loops on is denoted by L(M^). 
A loop whose restriction to [0, 1) is injective is called a simple loop. The set of loops starting, 
and hence finishing, at a point m G is denoted by Lm(K^)- For all m G M^, the set Lm(IR^) 
endowed with the operation of concatenation is a monoid. We shall explain later (see Section 



5.7) that there is a natural, though not easy to define, equivalence relation on this monoid such 



that the quotient is actually a group. 

Let us turn to graphs. An edge is a path which is either injective or a simple loop. Note that 
an edge traced backwards is still an edge, though distinct from the original one. A graph is a 
triple G = (V, E,F) such that the following properties are satisfied. 

1. The set E is a finite subset of P(M^) consisting of edges. For all edge e G E, the edge e~^ 
belongs to E. Any two edges of E which are distinct and not each other's inverse meet, if at all, 
only at some of their endpoints. 

2. The set V is the set of endpoints of the elements of E. 

3. The set F is the set of connected components of the complement in M? of the skeleton of 
G, which is the subset Sk(G) = UeeE ^d^' ^D- 

4. Each element of F is either a bounded subset of homeomorphic to the open unit disk 
of , or an unbounded subset of homeomorphic to the complement of the origin in . 

The elements of V, E,F are called respectively the vertices, edges, and faces of G. The fourth 
condition is equivalent to the fact that the skeleton of the graph is connected (see [25l Prop. 
1.3.10]). All faces of a graph are bounded but one, which we naturally call the unbounded face 
and which we usually denote by Foq. We shall use the notation F^ = F \ {-Foo} for the set of 
bounded faces. For each bounded face F, we denote by \F\ the area of F. 

Let G be a graph. The set of paths which can be formed by concatenating edges of G is 
denoted by P(G). The subset of P(G) consisting of loops is denoted by L(G). Each bounded 
face of G is positively bounded by a loop which we call its boundary and which is ill-defined 
because it has no preferred base point. Nevertheless, we denote by dF the boundary of the face 
F, keeping in mind that this is not properly speaking a loop, but rather a collection of loops 
which differ only by their starting point. 

The discrete Yang-Mills measure associated with the graph G and the group G is a probability 
measure on a space which can be described in several equivalent and equally useful ways. Let 
P be a subset of P(M^). A function /i : P — )• G is said to be multiplicative if for any c G P such 
that G P one has h{c~^) = h{c)^^, and for any two paths ci and C2 in P such that cI = C2 
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and C1C2 € P one has 

(78) /i(ciC2) = h{c2)h{ci). 

We denote the set of multiphcative functions from P to G by M{P, G). The discrete Yang-Mihs 
measure on G shall be defined as a probability measure on A^(P(G), G). 

Since any path traced in G is a concatenation of edges, a multiplicative function on P(G) is 
completely determined by its restriction to the set of edges. Actually, one needs only to know its 
value on one element of each pair {e,e~^}, where e spans the set of edges. We call orientation 
of the edges of G a subset E"*" of E which contains exactly one element in each pair {e,e~^}, 
e G E. An orientation of the edges of G being chosen, we have the following identifications 

(79) 7W(P(G),G) ~7W(E,G) ~7W(E+,G) ~ G^"^. 

The last identification expresses the fact that any function from E"^ to G is multiplicative, since 
the concatenation of two edges is never an edge. We call any of these spaces the configuration 
space of the discrete theory and denote it by or simply 'lo^ if there is no ambiguity on 
the group G. The reader who feels uncomfortable with such a row of identifications can take 
'^'^ = G^ as an efficient definition. 

As announced, the discrete Yang-Mills measure is a Borel probability measure on which 
is naturally a compact topological space. The normalised Haar measure on the compact group 
G determines, through the identifications above, a reference probability measure on 'lo^ which 
we denote by dh = 0gg]g+ dg^+ . The Yang-Mills measure has a density with respect to this 
uniform measure and in order to define it, we must introduce the heat kernel on G, which is 
a one-parameter family of smooth positive functions on G, namely the fundamental solution of 
the heat equation. If G is one of the groups which we studied in the first part, then this function 
is also the density of the distribution of the Brownian motion on the group, seen as a function 
of time and an element of the group. 

The Lie algebra g of G is the space of left-invariant first-order differential operators on G: to 
each element X E 5, one associates the differential operator Cx defined by the equality, valid 
for ah differentiable function / : G M and all g £ G, {Cxf){g) = ^^^^Qfige^^)- 

Let d denote the dimension of G. Given an orthonormal basis {Xi, . . . , X^) of q with respect to 
the invariant scalar product which we have chosen on g, we can form the second-order differential 
operator Ylk=i^'xk' "^^^^ operator does not depend on the choice of the orthonormal basis, it 
is called the Laplace operator on G and we denote it by A. 

The heat kernel on G is the unique positive function Q : x G — )■ such that {dt — ^A)Q = 
and the measure Q{t, g) dg converges weakly, as t tends to 0, to the Dirac measure at the unit 
element of G. The measure Q{t, g) dg is simply the distribution of the Brownian motion on G 
at time t. 

We will denote the number Q{t,g) by Qt{g), thus seeing Q as a one-parameter family of 
functions on G. A crucial property of these functions is that they are invariant by conjugation: 
they satisfy, for all t > and all x,y G G, the equality Qt{yxy~^) = Qt{x). This is a conse- 
quence of the fact that the Laplace operator belongs to the centre of the algebra of left-invariant 
differential operators on G. If G is one of the groups which we studied in the first part of this 



paper, this is also a consequence of Lemma 1.4 



In order to define the Yang-Mills measure YMg, or simply YM*^, on 'rf'^, we only need to 
make a last observation: if P is a face of a graph G, and if /i is a multiplicative function on 
P(G), then for all t > the number Qt{h{dF)) does not depend on the particular choice of the 
origin of the loop dF. Indeed, changing the origin of dF alters h{dF) by conjugating it in G, 
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and this does not change the value of Qt- The following expression is thus well defined: 
(80) YM^ (dh) = Yl Q\p\{h{dF)) dh. 

This is indeed a probability measure, as one verifies by successively integrating over all edges 
using the convolution property of the heat kernel, according to which Jq Qt{xy^^)Qs{y) dy = 
Qt+six), and finally the fact that j^Qtix) dx = 1. Note that the product in this definition is 
over the set of bounded faces of G. In fact, Qt converges on G uniformly and exponentially fast 
to 1 as t tends to infinity, and we could just as well include the unbounded face in the product, 
provided we make the very natural convention Q^o = 1- 

With this definition, the Borel probability space ('^^, YM^) is essentially the canonical space 
of the stochastic process (-ffc)ceP(G)! which is defined simply by Hc{h) = h{c) for all c G P(G). 
The fact that we are working with multiplicative functions implies that the stochastic process 
H is trajectorially multiplicative. This means that if ci and C2 can be concatenated, then the 



functions Hc^Hc2 and Hc2Ci '■ — ^ G are the same. 



To conclude this section, let us observe that (80) would still make good sense and define a 
probability measure on "^"^ if for each bounded face F we replaced the area by any positive 
real number. We shall exploit this possibility in Section [6j In the mean time, in Sections |4] and 
[HI we shall use no definition of YM*^ other than (80). 



4.2. Continuous Yang-Mills field. The single most important property of the discrete Yang- 
Mills field is that it is consistent with respect to the subdivision, or refinement, of the underlying 
graph. The precise meaning of this assertion is the following. If Gi and G2 are two graphs, we 
say that G2 is finer that Gi if P(Gi) is a subset of P(G2). In this case, there is a natural mapping 
of restriction (P(G2), G) — )• (P(Gi), G) and the invariance of the Yang-Mills measure under 
refinement of the graph is the fact that the image of the measure YM*^^ under this mapping is 

The practical consequence of this invariance is that if a certain set P of paths belongs to 
P(Gi) and P(G2) for two graphs Gi and G2 such that one is finer than the other, then the 
distribution of the family of random variables {Hc)ceP is the same when it is computed under 
YM*^! or under YM^^ The same conclusion holds if there exists a graph G3 which finer than 
both Gi and G2. 

Pushing this line of reasoning one step further, we would expect the invariance under subdi- 
vision of the discrete Yang-Mills measure to allow us to take the inverse limit of the probability 
spaces (^'^, YM*^) along the partial order defined by the relation of fineness. Unfortunately, this 
partial order is not good enough for this, in that it is not directed: there does not always exist 
a graph which is finer than two given graphs. We are thus forced to consider in a first step a 
subset of the set of all graphs, for instance piecewise affine graphs, on which the partial order is 
directed, and in a second step to use a procedure of approximation to include all graphs in our 
definition. It is thus in particular necessary to consider an appropriate topology on the set of 
paths, which we now describe. 

Let ci and C2 be two paths. We denote by £{ci) and £{02) respectively the lengths of ci and 
C2. The uniform distance between ci and C2 is (ioo(ci, C2) = infi^^^^j sup{|ci((^i(i)) — C2{^2{t))\ ■ 
t £ [0, 1]}, where the infimum is taken over all pairs of increasing bi-Lipschitz homeomorphisms 
of [0, 1]. We define two distances between ci and C2 by setting 

dl{ci,C2) = |ci(0) - C2(0)| + [ \ci{t) - C2(t)| dt 

Jo 
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and 

dl{ci,C2) = doo{ci,C2) + l^(ci) -i{c2)\. 

The first distance is the distance in 1-variation and the second we call the length distance. 
Although the first makes P(M^) a complete metric space and the second does not, it can be 
shown that these distances determine the same topology (see [28l Prop. 1.2.14]). We thus 
simply speak of convergence of paths, without mentioning a distance. We shall also frequently 
use the notion of convergence with fixed endpoints of a sequence of paths, where all the paths 
of the sequence are required to have the same endpoints as the limiting path. 

The result of the construction which we have just sketched is summarised in the following 
theorem, which defines the Yang-Mills measure. It is a consequence of |28[ Thm. 4.3.1] where 
the Levy process on G must be chosen to be the Brownian motion. It is proved on a compact 
Riemannian surface rather than on the plane , but the proof is valid without any modification. 

Theorem 4.1. There exists on the space A^(P(M^),G) endowed with the cylinder a-algehra a 
unique probability measure YMc such that the following two properties are satisfied. 

1. For all graph G = (V, E,F), the family of random variables (^^c)ceP(G) has the same 
distribution under YMq as under YMq. 

2. For all path c G P(M^) and all sequence (c„)„>i of paths converging with fixed endpoints to 
c, the sequence {Hc„)n>i converges in probability to He- 

4.3. The group of loops in a graph. In Section [5| we shall prove the central result of the 
second part of this work, which asserts the existence of a limit as tends to infinity for the 
Yang-Mills process on the plane when the group G is one of the groups U(A^, K) which we 
considered in the first part of this work. In a first step, we shall study the large N limit of 
the discrete Yang-Mills measure associated with a graph on the plane, using a very explicit 
description of this measure in terms of a collection of independent random variables with values 
in G, some uniform and some distributed according to the heat kernel measure. In preparation 
for this, we need to understand very concretely the structure of the set of paths and loops on 
the graph G, and this is what we explain now. What we have to say in the present section is 
still valid for any compact connected Lie group G. More details about what we explain can be 
found in [21 Sec. 2.4]. 

Let G be a graph on M^. There is a very natural equivalence relation on the set P(G) for which 
two paths are equivalent if it is possible to transform one into the other by a finite sequence of 
insertions or erasures of sub-paths of the form ee~^, where e is an edge. For example, the paths 
696162636^^62 ^ and 6962 ^6261636^^6463 ^ are equivalent. One proves that in each equivalence 
class for this relation there is a unique path of shortest combinatorial length, that is, a unique 
path which traverses a minimal number of edges. It is characterised by the fact that it is reduced, 
which means that it does not contain any sub-path of the form 66~^. In the example above, 
none of the two paths are reduced, and the unique reduced path to which they are equivalent 
is 6061. The equivalence relation thus defined preserves the endpoints and is compatible with 
concatenation. For all vertex v G Y, the quotient of the set of loops Lt,(G) based at v by this 
equivalence relation becomes a group for the operation of concatenation. The unit element is 
the class of the constant loop at v. Instead of a quotient of L^{G), one can think of this group 
as the subset RL„(G) of Li,(G) which consists of reduced loops based at v, endowed with the 
operation of concatenation-reduction. 

If V and vu are two vertices of G, and if c is a path in G which joins v to w, then the mapping 
I I— >• clc~^ induces an isomorphism of groups between RL^(G) and RLt;(G). It is thus enough 
to understand the structure of L^(G) for some vertex v. The first crucial fact is that for all 
V E Y, the group RL^(G) is a free group of rank equal to the number of bounded faces of G. 
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The second crucial fact, which is very useful for the purposes of the discrete Yang- Mills theory, 

is that this free group possesses bases, indeed many bases, which are naturally indexed by the 
set of bounded faces of G. We will spend the next paragraphs describing a particular way of 
associating such a basis to each choice of a spanning tree of G, or equivalently to each choice of 
a spanning tree of the dual graph of G. 

The dual graph of G is a graph which is not exactly of the same nature as G insofar its edges 
are not concretely embedded in the plane. We define it as the quadruple G = (V, E,s,i), where 
V = F is the set of faces of G, E is the set of triples (i^o, e, Fi) G F x E x F such that the 
edge e bounds Fq positively and Fi negatively, and s,t : E ^ Y are the two mappings defined 
by s{Fo, e, Fi) = Fq and t{FQ,e, Fi) = Fi. We call respectively the elements of V and E dual 
vertices and dual edges. Each edge e appears in a unique dual edge {Fq, e, Fi) which we denote 
by e. We define the inverse of the dual edge e = (Fo,e,Fi) by = (Fi,e^^,Fo), so that 

e"^ = e~^. Observe that the equality Fq = Fi is not excluded in these definitions. Finally, the 
unbounded face of G determines a particular dual vertex which we denote by F^ and call the 
dual root. 




Figure 8. An edge and the corresponding dual edge. 



Recall that a spanning tree of G (resp. G) is a subset T C E (resp. T C E) which is the set 
of edges (resp. dual edges) of a connected sub-graph of G (resp. G) without cycles and which 
contains every vertex (resp. dual vertex). We take as a part of the definition that a spanning 
tree contains its edges with both orientations. Given a spanning tree T of G and two vertices 
vi,V2 G V, we define [i'i,i'2]t as the unique reduced path in G which goes from vi to V2 using 
only edges of T. We define similarly the path [^1,^2]=^ in G. 

Since we are working on the plane, rather than on a multiply connected surface, spanning 
trees of G are in bijection with spanning trees of G, through the dual and reciprocal formulas 
T f = {e G E : e ^ T} and f 1-^ T = {e G E : e ^ t}. 

Let us choose a spanning tree T of G. Let T be the corresponding spanning tree of G. Let vq 
be a vertex of G. We are going to use T to produce a basis of the free group L^(,(G) indexed by 
F^. Let F be a bounded face of G. Let e be the dual edge of T issued from F in the direction 
of the dual root F^o, that is, the first edge traversed by the path [F,Foo]j- Let deF be the 
loop which goes once around the boundary of F, starting with the edge e. We define the loop 
AfG RU(G) by 

Xf = [vo,e]TdeF[e,vo]T, 

being understood that Aj? is the reduced loop equivalent to the loop on the right-hand side. 

Let us emphasise that the family {Xp ■ F e depends on the choice of the spanning tree T 
of G and of the vertex vq, and that these choices can be made independently. The first result is 
the following. 

Proposition 4.2. The family of loops {Xp : F e ¥''} is a basis of the group RL^q(G). 



THE MASTER FIELD ON THE PLANE 



53 



This result is proved in \28\ Sec. 2.4] in the more general situation of orientable or non- 
orientable compact surfaces with or without boundary. The present case of the plane, which 
corresponds to the case of the disk in [25], is fortunately much simpler. For the convenience of 
the reader, and because a familiarity with the ideas used in this proof will be helpful for the 



understanding of Section 5.4, we recall its main arguments. 



Proof. The choice of the spanning tree T and the vertex vq determines a subset of RL^q (G) which 
is obviously a basis, but not the one we are interested in. The proof consists in proving that our 
basis is essentially deduced from this obvious basis by a triangular array of multiplications. 

For each edge e G E \ T, define (3e = bo; e]Te[e, uo]t- It is not difficult to check that for all 
orientation of G, RL^g{G) is freely generated by {/3e : e G \ T}. It is equivalent and more 
convenient to say that RLt,p(G) is generated by the family {/3e : e G E \ T}, which is subject to 
the relations f3ef3g-i = 1. 

The triangular array which allows one to pass from the family {/3e : e G E \ T} to the family 
{Xp ■ F € F^} is dictated by the geometry of the spanning tree T. This geometry can be encoded 
as follows. 

The orientation of the plane determines a cyclic order on the set of dual edges issued from 
each dual vertex in G, hence in T. Our choice of vq breaks the cyclic symmetry of the dual 
edges issued from F^o and allows us to order them totally. Moreover, for each dual vertex F 
which is not the dual root, there is one distinguished dual vertex adjacent to F, namely the dual 
vertex visited by the path [F, -Foo] f immediately after leaving F. We call this dual vertex the 
predecessor of F and denote it by vr(F). Having chosen tt{F) determines a total order on the 
set of the other dual vertices adjacent to F. 

These orders determine a way of labelling each dual vertex by a word of integers. We start by 
labelling the dual root F^o by the empty word 0. The dual vertices which are adjacent in T to 
the dual root are labelled by the one-letter words 1,2,..., k{0) in the total order which we have 
just considered. Then, a dual vertex F being labelled by the word u, we label its neighbours 
in T other than it{F) in their total order by the words ul, . . . , uk{u), where by ul we mean the 
word u to which the letter / has been added at the end. The dual vertex n^F) has already been 
labelled, by the word tt{u) obtained from u by removing its last letter. 

We will now designate the dual vertices by their labels. For example, each pair {u, v) of 
dual vertices adjacent in T determines a dual edge e, hence an edge e, and we use the notation 
Pu,v = f^e- The main triangular relation is now the following: for all dual vertex F other than 
the dual root, labelled by the word n 7^ 0, we have 

(81) Xu = Xf= Pu,7Tiu)l3ulu ■ ■ ■ (^uk(u),U- 



The reason why (81) is invertible is that each is the product of Pu^n{u) ^^'^ ^ word in the 



loops I3u',tt{u') where u' stays in the sub-tree of T above u, that is, the set of dual vertices u' ^ u 



such that the path [u',0]^ visits u. In order to invert (81), one must then start by the loops 
Pu,-k{u) where u is a leaf of T, that is, a dual vertex which is not the dual root and which is of 
degree 1 in T, and proceed inwards, towards the dual root. One has in fact for all n 7^ the 
explicit relation 

(82) f^U,TT(u) = ^uXui ■ ■ ■ Xup, 

where {ui, . . . , Up) is the list of the dual vertices located in the sub-tree above u, ordered in the 
lexicographic order corresponding to the reversed natural order on N. 

The explicit relations (81) and (82) imply that {A^ : u / 0} is a basis of RL„p(G). □ 
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We shall call lassos the loops of the form Xp, and lasso basis associated to T or to T the basis 
{Xp '■ F £ ¥^}, which we shall denote by Aj or A^. 



From Proposition 4.2 we can deduce a normalised way of writing not only loops, but paths 
in G. To formulate this, observe that the quotient of P(G) by the relation of equivalence 
endowed with the partial operation of concatenation is a groupoid. This means that, although 
concatenation is only partially defined, it is associative and each element has an inverse, in 
the sense that for each path c the path cc~^ is equivalent to a constant path. We denote this 
groupoid by RP(G). Let us choose an orientation E"*" of the edges of G and set T^ = T n 

Corollary 4.3. The groupoid RP(G) is freely generated by the elements {Xp : F G F**} and 
{e : e £ T"*"}.- each path on G is equivalent to a unique reduced word in these paths. 

In fact, for each path a in G, there exists a unique sequence of faces Fi, . . . ,Fn G F** and a 
unique sequence of signs £i, . . .En G { — 1; 1}; of the same length, possibly empty and such that 
for all k £ {1, . . . ,n — 1} one has Fk / F^+i or Sk = £k+i, such that c is equivalent to the path 

[c,vo]jX^j^^...X^^I[vq,c]t. 

We are thus able to write any path in G as a word in a certain alphabet of elementary paths. 
The number of these elementary paths is the number of edges of a spanning tree plus the number 
of bounded faces. Let us denote by v, e, f the numbers of vertices, unoriented edges and bounded 
faces of G. Here, by the number of unoriented edges, we mean the half of the number of elements 
of E. There are v — 1 unoriented edges in T, so that the number of elementary paths is v + f — 1. 
On the other hand, Euler's relation for G reads v — e + f = 1, hence v + f — 1 is the number of 
edges of G. Let us choose an orientation E^ of the edges of G and set T"*" = T n E+. We can 
thus add a new identification 

(83) 'T^ = 7W(P(G), G) ~ G^^ ~ G^' x 

to the row (79), the last isomorphism being given by /i i— )• {{h{XF) '■ F G F^), (/i(e) : e G T^")). 
This mapping encodes a lot of the geometry of the graph (see Figure |9] for an example) . 

The interest of the last description of the configuration space of the discrete Yang- Mills theory 
is that it allows a very pleasant description of the probability measure YMq. The following result 
is a consequence of |28i Cor. 2.4.9]. 
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Figure 10. In this example, the last identification of (831 is the following: 



(51,52,53,54,55,96) ^ (5455 ^51,5456 ^525554 \ 535654 \ 52, 53,54)- 



Proposition 4.4. Through the identification 
YMq corresponds to the measure 



G^*" X G"""^ , the discrete Yang-Mills measure 



(g) QiF\{9)dg® (g) dg. 

FeF^ eeT+ 



In other words, under YM^, the random variables {Hxp ■ F G F } U {H^ : e G T"*"} are 
independent, each Hxp distributed according to the heat kernel measure at time \F\ on G and 
each He distributed according to the Haar measure on G. 

With this description in hand, we can safely turn to the study of the large N limit of the 
Yang-Mills field. 

Before we do so however, and because this will be useful at a later stage of this work, let us 
review the definition of the gauge group and its action on the configuration space, and give an 
invariant version of Proposition |4.4[ 

We are given a graph G = (V, E,F) and a compact connected Lie group G. The gauge group 
is by definition the group G'^ equipped with pointwise multiplication. It acts on M.{P(G),G) 
according to the following rule: given j = {j{v))ve"^ G G^ and a multiplicative function /i, we 
have for all path c 

{j-h){c)=j{cr^h{c)j{c). 

One checks easily that this is a right action in the sense that if j and k belong to the gauge 
group and /i is a multiplicative function, then [jh) ■ h = k ■ (j ■ h). 

The gauge group acts naturally on the space of smooth functions on the configuration space 
'toq: if / is such a smooth function, j a gauge transformation and h a configuration, then we 
have, by definition, 

{j-fm = f{j-'-h), 

so that again, if k is another gauge transformation, (jk) ■ f = k ■ (j ■ f) . We say that a function 
on the configuration space G^'^ is invariant if it is invariant under the action of the gauge group. 

Let now T be a spanning tree of G. Let vq be a vertex. For each configuration h G '^q, let 
us consider the element jh j of the gauge group defined by 



(84) 



jhjiv) = h{[vo,v] 
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where [vqj'uJt denotes the unique reduced path in T from vq to v. Then jhj • h is identically 
equal to 1, the unit element of G, on each edge of T. Moreover, for each loop based at vq, one has 
Uhj ■ h){l) = h{l). The next result follows immediately from this observation and Proposition 

WM 

Proposition 4.5. Through the identification ~ G^^ x G'^^ , the image of the discrete Yang- 
Mills measure YMg by the mapping h ^ j^j ■ h corresponds to the measure 



Q\F\{9)dg® 09 <5i, 

F&b eGT+ 

where 5i is the Dirac mass at 1. In other words, for all smooth function f : 't^Q — ?■ C seen as a 
smooth function on G^'' x G"*"^ , the following equality holds: 

[ fijhj-h)YM%idh)= [ f{{gF:FG¥'},{l:e€T+}) H Qif\{9f) dgp- 

5. The master field on the plane 

In this section, we turn to the proof of the main result of the second part of this work, indeed 
the main motivation for this whole work. Our goal is to describe the large limit of the 
Yang-Mills field with structure group U(iV,]K) for IC G {M,C,]H}. 

The study of this limit follows the construction of the field itself. We start by applying the 
results of Section [2] to the discrete theory, on a graph ; then take an easy step and assemble 
the results for a large family of graphs in order to be able to treat all piecewise affine loops at 
once ; and finally, apply the results of Section |3] in order to tackle the approximation procedure 
involved in the construction of the Yang-Mills field, and succeed in obtaining the limit for all 
rectifiable loops. 

5.1. Large N limit of the Yang-Mills field on a graph. Let us choose one of the three 
division algebras M, C,]HI and denote it by K, as we did in the first part. For each > 1, let 
us consider the Yang-Mills field on with structure group U(A^, K), associated with the scalar 



product given by (10). We denote by {H^ ^^^p(^^2^ the corresponding process. 

For each > 1, the random variables (-f^]vc)ceP(G) form a family of non-commutative random 
variables in the non-commutative probability space (i°°('^u(Af k)'^'^U(7VK)) ® MAr(]K),E (g) tr), 
where tr must be replaced by SRtr when IC = H. When K = M or K = H, this is a real non- 



commutative probability space, in the sense described just before the statement of Theorem 3.2 
Let us describe the convergence result in the discrete setting. 

Let G be a graph. Let E"*" be an orientation of G. Let T be a spanning tree of G. Let vq be 
a vertex of G. 



Let {A,t) be a non-commutative probability space. Recall from (27) the definition of the 
measures vt on U. Let {{up : F G F^), (ug : e G T"*")) be a family of unitary elements of A which 
are mutually free and such that for all F G F^, up has the distribution v\^f\^ ^^^d for all e G T+, 
Ue is a Haar unitary. Recall that a Haar unitary is a unitary element u such that t{u^) = 5n,o 
for all n G Z, that is, a unitary element whose non-commutative distribution is the uniform 
probability measure on U. Finally, for all e G T"*", set Ug-i = u~^. 

For each path c G P(G), let c = ei . . . e^A^^ . . . A^e^+i . . . e^+s be the decomposition of c 



given by Corollary 4.3 as a product of loops of and edges of T. Set 
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Theorem 5.1. The family of random matrices {H^ ^ : c G P(G)) converges in non- commutative 
distribution as N tends to infinity to the family (uc ■ c G P(G)). 



Proof. Thanks to Corollary |4.3[ it suffices to prov e th e result for the family of random matrices 
{H^Xp ■ ^ ^ U {^Ne '■ ^ ^ "•"+}. Proposition 4.4 describes for each > 1 the distribution 
of these random matrices. They are independent, distributed respectively according to a heat 
kernel measure and to the uniform measure. In particular their distributions are conjugation 
invariant and, granted the fact that a uniformly random matrix on U(A^, K) converges towards 



a Haar unitary, the result is a consequence of Theorems 3.2 and|3.3 



The fact that a uniform matrix on U(A^, IC) converges to a Haar unitary is in turn a direct 



consequence of Proposition 2.8 □ 



Theorem 5.1 provides us with the distribution of a family of non-commutative random vari- 
ables indexed by all paths on G. By construction, the random variable Uc depends only on the 
equivalence class of c in the set of reduced paths RP(G). Moreover, the family {uc : c G P(G)} 
is multiplicative, in that MciC2 = UczUci whenever ci can be concatenated with C2. In order to 
take this multiplicativity more explicitly into account, it is tempting to incorporate the struc- 
ture of groupoid of RP(G) into the construction of the family of non-commutative variables. 
Unfortunately, it seems delicate to define a non-commutative probability space on the algebra 
of a groupoid, in particular regarding the definition of the unit of this algebra. 

We are thus led to lower our ambitions and to consider, instead of all paths, only the loops 
based at some vertex. From a physical point of view, considering loops instead of paths is 
natural, for they contain all the gauge-invariant information. Moreover, we already know that 
the groups of reduced loops based at any two vertices vq and vi are isomorphic by an explicit 
isomorphism, and that for any path c joining vi to vq, the collection {ui : I G RL^,^(G)} is 
conjugated to the collection {ui : I G RL„g(G)} by Uc- One can check that Uc is a Haar unitary 
which is free with {ui : I G RL„(,(G)}, so that the distribution of one family is easily deduced 
from the distribution of the other. 

Let us choose a vertex vq. Since the multiplicativity of the family (ui : I £ Ly^iG)) writes 
= ui^ui-^ rather than tt;^;^ = "Ui^ui^-, the group which it is appropriate to consider is not 
exactly RL„(,(G), but the opposite group RL„q(G)°^, which is the same set endowed with the 
reversed group operation h-h = hh- We thus consider the complex unital algebra C[RLt,(,(G)''^], 
endowed with the usual involution for the algebra of a group, namely the involution given by 



For each TV > 1 and each K G {R,C,H}, let us define a state on C[RUo(G)°p] by setting, 
for ah I G RUo(G)°P, 



with tr replaced by JRtr if K = H. It is indeed a state because <I>^''^(1) = 1 and, for all matrix 
M G M]\f{M.), the number tr(MM*) is a non-negative real. 

Finally, let us define the collection {/i/ : Z G L^(,(G)} of elements of C[RL^q(G)°p] by letting 
hi be equal to the unique reduced loop equivalent to /. We can reformulate the convergence 



expressed by Theorem 5.1 as follows. 



Proposition 5.2. Let G be a graph. Let vq be a vertex ofG. On the complex unital involutive 
algebra C[RL„q(G)°^], the sequence of states {^'^^)n>i converges pointwise to a state which 
does not depend on K. 
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The state <I>'^ can be described as follows. Let T be a spanning tree of G. Let be an 
orientation of G and set = T n E+. Let vq be a vertex of G. Let {Xp : F G F''} be the 
corresponding basis of RL^g{G). 

The family {{hp : F £ ¥^), {h^. : e G T"^)) is free with respect to and such that for all 
F G F^, hp has the distribution i'\p\, and for all e G he is a Haar unitary. 

Moreover, as N tends to infinity, and regardless of the value of IC, the collection of ran- 
dom matrices {H^i)i^f_^ (q-) converges in non- commutative distribution to the distribution of the 

family (/iz)ieUo(G) with respect to . 

Proof. These assertions are straightforward consequences of Theorem |5.1[ The second depends 
also on the fact that for all K and all > 1, and all loops li,l2 G L„p(G) which are equivalent, 
one has the equality of random variables = . □ 

The state ^'^ on the involutive algebra C[RL^(,(G)°^] is the discrete counterpart of what we 
shall call the master field on the plane. 

5.2. Large N limit for piecewise afRne loops. Having understood the large A'^ limit of the 
theory on a graph, it is easy to go one step beyond and to consider several graphs simultaneously. 
As in the construction of the Yang-Mills field itself, we can however not consider all graphs at 
once but we must restrict ourselves to a class of graphs where any two graphs are dominated in 
the partial order of fineness by a third one. Graphs with piecewise affine edges are an example 
of such a class. 

Consider two graphs Gi and G2 such that G2 is finer than Gi. Let vq be a vertex of Gi, hence 
of G2. The inclusion L(Gi) C L(G2) is of course compatible with the equivalence of paths, for 
two loops in Gi which are equivalent in Gi are also equivalent in G2. There is thus a quotient 
mapping RL^q(Gi) — )• RL^,q(G2) which is a group homomorphism. 

Lemma 5.3. The homomorphism RLt,g(Gi) ^ RLt,Q(G2) is injective. 

Proof. Assume that the kernel of this homomorphism contains a non-constant reduced loop 
I G RLt,g(Gi). Its image, which is / itself but seen as a loop in G2, is then equivalent to the 
constant loop. Since / is not the constant loop, it is not reduced in G2. Thus, I contains a 
sub-path of the form ee~^ for some edge e of G2. In particular, / backtracks at the final point 
of e, which must then be a vertex of Gi. It follows that e is the last segment in G2 of an edge e' 
of Gi, and / contains the sub-path e'e'~^. We arrive to the contradiction that I is not reduced 
inGi. □ 

We have an inclusion of groups RL^o(Gi) C RL^q(G2), hence also of the opposite groups 
RUo(Gi)°P C RUo(G2)°P, and of the corresponding algebras C[RUo(Gi)°p] C C[RUo(G2)°p]. 
The invariance under refinement of the Yang- Mills measure can be expressed as follows (see 
Prop. 4.3.4]). 



Proposition 5.4. The inclusion of algebras C[RLt,„(Gi)°^] C C[RL^(, (G2)°^] is compatible with 



the states ^^^'"^ and in the sense that 



— ^ N 

C[RUo(Gi)°P] 



A consequence of Lemma 5.3 is that any loop which can be traced in a graph has a unique 
reduced representative, which is defined independently of the choice of a graph in which the loop 
can be traced. This is in particular the case for piecewise affine loops. We may thus speak of 
reduced piecewise affine loops without specifying a graph, and we denote by RAffo(M^) the set 
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of reduced piecewise affine loops based at the origin in M^. As a set, it is the direct hmit of the 
sets RLo(G) along the set of graphs with piecewise affine edges which have the origin of M? as a 
vertex: 

RAffo(M2) =lim RLo( 



Since the inclusions described in Lemma 5.3 are group homomorphisms, RAfFo(M ) is also a 
group. This simply means that piecewise affine loops based at the origin can be concatenated 
and reduced without making explicit reference to any graph. 

The direct limit can in fact be taken at the level of the group algebras and even, thanks to 



Proposition 5.4 at the level of non-commutative probability spaces. We thus define, for each K 
and each > 1, 

'c[RAfFo(M')n, =lim (c[RLo(G)n, 



Concretely, C[RAffo(M is the involutive algebra of formal complex linear combinations of 
piecewise affine loops based at and the state is defined by the equality 



where G is any graph with piecewise affine edges such that / belongs to Lo(G). 

Let us denote by AfFo(M^) the set of piecewise affine loops on based at the origin. Con- 
sider an element I £ A ffo(R^). For each graph G in which / can be traced, we defined just 



before Proposition 5.2 a non-commutative random variable hi in (C[RLo(G)], ). These def- 
initions for all possible graphs G are compatible and define hi as an element of the direct limit 
C[RAffo(M^)], which is simply the reduced loop equivalent to /. 

Proposition 5.5. On the algebra C[RAffo(M^)°P], for each choice o/lC, the sequence of states 
(<I>^ ' )Ar>i converges pointwise as N tends to infinity to a state ^^^^ . 

As N tends to infinity, and regardless of the value of K, the collection of random matri- 
ces (-f^^ i)ieAffo(K2) converges in non- commutative distribution to the distribution of the family 
(^«)zeAffo(iR2) with respect to ^^^^ . 

Proof. Both statements are obtained by taking the direct limit of the assertions of Proposition 
|5.2| along the set of graphs with piecewise affine edges which have the origin as a vertex, directed 
by the relation of fineness. □ 

The function ^^^^ can immediately be extended to the set AfF(M^) of all piecewise affine loops 
on R^, either by replacing the origin of M? by any other point of in the statements above, or 
by setting, for all piecewise affine loop /, <I>''^^'^(/) = ^^^^ {clc~^) where c is the line segment which 
joins the origin of to the base point of /. The two points of view yield of course the same 
extended function ^^^^ : AffiR"^) C. 

In their recent work [Ij, M. Anshelevitch and A. Sengupta prove a result similar to Proposition 



5.5 and provide a model for the limiting distribution which is in a sense more natural than 
ours. The authors consider a slightly different class of paths, which they call basic loops, and 
which are finite concatenations of radial segments and paths which can be parametrised in polar 
coordinates under the form 9 i— )• {r[0),6). In the context of axial gauge fixing in which they 
work, this class of paths plays essentially the role of our class of piecewise affine edges. Using 
free stochastic calculus, the authors achieve the construction of a free process indexed by the 
set of basic loops on the algebra of bounded operators on the full Fock space on L^(M^) ®u{N). 
This is in very suggestive agreement with the informal description of the Yang-Mills measure 
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by means of a functional integral, which through an appropriate choice of gauge, becomes a 
Gaussian measure on the Hilbert space L^(M^) iS" u{N). The transition from a commutative 
Gaussian setting to a non-commutative semi-circular setting is thus naturally reflected in the 
transition from the symmetric Fock space to the full Fock space, although the former usually 
stays hidden behind the probabilistically more familiar white noise. M. Anshelevitch and A. 
Sengupta worked with the unitary group, but given the results of Section [2] of the present work, 
it should be possible to extended their results to the orthogonal and symplectic cases. 



5.3. Uniformity of the convergence towards the master field (statement). Theorem 
5.1, of which we have now exhausted the algebraic consequences, was proved by blending the 



notion of freeness with a combinatorial description of the set of paths in a graph. We are now 
going to enter more deeply into the convergence that it expresses, in order to prove that this 
convergence has a property of uniformity on sets of paths with bounded length. This is the 
crucial result which will allow us to take the last step in the construction of the master field and 
to extend the state ^^^^ to an algebra constructed from all rectifiable loops. 

We shall prove the uniformity of the convergence for a class of loops which is slightly more 
restricted than the class of piecewise affine loops. Let us call elementary loop a loop which can 
be traced in a graph with piecewise affine edges, with the additional constraint that it traverses 
at most one edge of each pair {e, e~^}, and that it traverses it at most once. Thus, an elementary 
loop is a product of edges of a graph which are pairwise distinct and not equal to each other's 
inverse. Elementary loops are in particular piecewise affine and reduced. We denote by EL(M^) 
the set of elementary loops. Note however that ELo(M'^), the set of elementary loops based at 
the origin, is not a subgroup of RAffo(M^). 

Recall that we denote the Euclidean length of a loop / by i{l). For any complex- valued random 



variable Z, we call variance of Z the number Var(Z) 
uniformity is the following. 



\E[Z]\. Our main result of 



Theorem 5.6. Let I be an elementary loop. Then, for all K and all N > 1, one has the 
inequalities 



(85) 

and 
(86) 



E 



tr H 



Mm E 

N^oo 



tr ( H^, 



Var (trlH 



Moreover, when K = C, the inequalities hold with 



where tr must be replaced by JRtr i/ K = 
the factor replaced by . 

In particular, for all real L > 0, the convergence of the sequence of functions {^^^'^)]\f>i 
towards ^^^^ is uniform on the set of elementary loops with length smaller than L. 

This result will be deduced from the main result of the first part of the present work, which is 
Theorem |3.4[ along the following lines. Let / be an elementary loop based at some point vq. Let 



G be a graph in which / can be traced. We know from Proposition 4.2 that / can be expressed 
word in the elements of a basis of RL,; 



-Vo 



where = {Fi, . . . , Fq} is the set of bounded faces of G. From this equality follows 



H 



NJ 



N,\p 
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where w°p is the word w read backwards. By Proposition 4.4, the random variables on the right- 
hand side of this equahty have the distribution of independent Brownian motions on U(A^, K) at 
times l-Fil, . . . , \Fg\. We are thus in a situation where Theorem 3.4 provides us with an exphcit 



estimate (compare with (51)). This estimate involves the Amperean area of -10°^ (see ( 53 ) ) , which 



is the same as the Amperean area of w. The main step of the proof of Theorem |5.6| consists in 
proving that provided the basis of RLt,y(G) has been chosen in a certain appropriate way, the 
Amperean area of the word w can be explicitly controlled by the length of the loop / alone. This 



is stated below as Proposition 5.10 



5.4. Maximal Amperean area. In this paragraph, as explained immediately above, we prove 



a quantitative version of Proposition 4.2 by relating the length of a loop in a graph and the 
Amperean area of the word which expresses this loop in terms of a lasso basis of the group of 
reduced loops in this graph. We introduce a third quantity which we call the maximal Amperean 
area of the loop, which allows us to relate the two quantities which we want to compare. Let us 
start by defining the maximal Amperean area of a loop and comparing it to its length. 

In preparation for this, we associate a graph to each elementary loop. We call degree of a 
vertex of a graph the number of edges which start from this vertex. 

Lemma 5.7. Let I G Aff(M^) be a piecewise affine loop. There exists a unique graph Gi such 
that each graph in which I can be traced is finer than Gi . Moreover, if I is an elementary loop, 
then the degree of every vertex of Gi is even, and at least equal to 4 except for the origin of I 
which may have degree 2. 

Proof. Let G be a graph in which / can be traced. Define Eg as the set of edges of G which are 
contained in the range of I. Since the union of the ranges of the edges of Eq is the range of I 



which is connected, Eq is the set of edges of a graph Gq (see Section 4.1). It is not difficult to 
check that any vertex of Gq other than the origin of I and which has degree 2 can be removed 
from Go by replacing two edges by their concatenation, without altering the fact that / can be 
traced in Gq. Removing in this way all vertices of degree 2 other than the origin of /, we arrive 
at a graph G; of which we claim that it is the least fine graph on which I can be traced. Indeed, 
the local structure of the range of I around each vertex of G; is that of a point from which are 
issued either one or at least three half- lines, except perhaps if the vertex is the origin of /. All 
the vertices of G^ must then be vertices of any graph whose skeleton contains the range of □ 

Let / be an elementary loop. In what follows, we will identify several times the loop I with 
its range. Recall that the winding number of / is the function : M'^ \ Z — )• Z defined on the 
complement of I and which to each point x G associates the index of / with respect to x. It 
is integer-valued, locally constant, and it has compact support. The Banchoff-Pohl inequality 
(see [2]), which generalises the isoperimetric inequality in this context, compares the Amperean 
area of the loop I, defined by 



(87) A(0 = / niixY dx, 

to its length, and reads 

ni{xf dx < -^iil)^. 
47r 

The Amperean area of / owes its name to the fact that it can be understood as the energy of 
the magnetic field induced by a unit current flowing along 

Let us introduce another integer-valued function : \ / — >• N, this time with non-negative 
values. In words, for all x £ M.'^ \ l, n;(x) is the minimal number of crossings between a path 
which joins x to infinity and the loop /. Formally, let us consider the graph G; and its dual 
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graph G;. Recall that has a distinguished vertex Fqo which corresponds to the unbounded 
face of \ Z. We define, for all x E \ / , the dual vertex Fx as the vertex of G; corresponding 
to the face of G which contains x. Finally, we denote by d the graph distance in G/. We define 
the function by setting, for all x E \ Z, 

ni{x) = d{Fx,F^). 

We call the function ri; the maximal winding number of I. Note that it depends on / only through 
G; , and in particular not on the direction in which / traverses the edges of G/ . The definition of 
the maximal Amperean area of /, denoted by A(/), is obtained by replacing in the definition of 
the Amperean area the winding number by the maximal winding number n^: 



A(/) = / ni{xy dx. 

For our purposes, the first main property of the maximal Amperean area is the following. 

Proposition 5.8. The maximal Amperean area of an elementary loop satisfies the Banchoff- 
Pohl inequality. By this we mean that for all I G EL(M^), 

A(o < laif. 

This proposition follows at once from the following result, which also justifies the name of the 
maximal Amperean area. 

Lemma 5.9. Let I G EL(M^) be an elementary loop. 

1. The inequality \ni\ < holds on M? \ I. In particular, A(/) < A(/). 

2. There exists I G EL(M^) with the same range and length as I such that = ri;. 



That this lemma implies Proposition 5.8 is straightforward. Indeed, if I is an elementary loop 
and I is given by the second assertion of this lemma, then A(/) = A(l) < ^iij)'^ = 4^^(0^- 

Proof. 1 . Consider an edge of G; . Since the faces located on either side of this edge correspond 
to two vertices of the dual graph G/ which are equal or nearest neighbours, the values of ri/ = 
d{-,Foo) on both sides of this edge are equal or differ by 1. Let us start by proving that they 
cannot be equal. 

Since the loop / is elementary, it traverses each edge exactly once. Hence, the value of the 
winding number ri; changes by 1 or —1 when one crosses an edge. The set of vertices of the 
graph G/ can be partitioned according to the parity of the value of and we shall speak of 
even and odd vertices. This partition is a bipartition in the sense that any two neighbours have 
different parities. The dual root F^o is an even vertex. Hence, the parity of any vertex F is that 
of d{F, Foo)- If two neighbours were to have the same distance to Foo, they would also have the 
same parity and this is impossible. Hence, ri; cannot take the same value on two faces which 
share a bounding edge. 

Let us use this observation to prove the first assertion. Consider x G \L Choose a shortest 
path from Foo to Fx in G;. At each step of this path, n; varies by ±1, and increases by 1. 
The conclusion follows immediately, as well as the second part of the first assertion. 

2. We look for / as a Eulerian circuit in G;, that is, a cycle which traverses exactly once each 
edge. Let us start by proving that the direction in which each edge should be traversed by I is 
determined by ri;. Consider an edge of G;. We have proved that the values of on both sides 
of this edge differ by 1. If n^- is to be equal to ri/, then I must traverse this edge in such a way 
that the largest value of ri; is on its left-hand side. Thus, each edge of G/ carries an orientation 
which is the direction in which I must traverse it in order for the equality = ri; to hold. 
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We claim that there are, at each vertex of G/, as many incoming edges as there are outcoming 
ones. Indeed, the values of ri/ around each vertex read in cyclic order form a sequence of integers 
which jumps by 1 or —1 and comes back to its initial point. Thus, there must be an equal 
number of rises and falls, which correspond respectively to incoming and outgoing edges. 

We use now the classical fact that an oriented graph in which each vertex has equal incoming 
and outcoming degrees carries a Eulerian circuit, that is, a loop which traverses each edge exactly 
once, and does so in the direction given by the orientation of the edge. We choose one of these 
circuits and call it /. It is a loop with the same length as /. The functions and n/ are both 
integer-valued, locally constant on the complement of I, equal to at infinity, and both vary by 
1 or —1 in the same way across each edge of G;. Hence, they are equal. □ 

We now turn to the main result of this section, which is the following. Recall the notation 
w {■,... which we defined at the beginning of Section [3. 2[ 



Proposition 5.10. Let I be an elementary loop. Let F[' = {Fi, . . . ,Fq} be the set of bounded 
faces of Gi. Let t = {\Fi\, . . . ,\Fq\) be the vector of the areas of these faces. 

It is possible to choose a spanning tree T of Gi in such a way that, denoting by {Xp : F G F^*} 
the lasso basis o/RL^p(G;) determined by the choice ofT, and by w the unique element of the 
free group on q letters such that I = w{Xfi, • • . , Xp^), one has the inequality 



The crucial step in the proof of this result is given by the next proposition. Recall from ( 53 ) 
the definition of the Amperean area of w relative to t, denoted by At{w). 

Proposition 5.11. With the notation of Proposition \5.1C\ it is possible to choose the spanning 
tree T o/G/ in such a way that the inequality At{w) < A(/) holds. 



Let us for one minute take this assertion for granted and see how it implies Proposition 5.10 



Proof of Proposition \5.1C\ By Proposition 5.11, one can choose the basis of RL^g(Gi) in such a 
way that At{w) < A{1). On the other hand, by Proposition [5^ A(/) < -^^ilf- □ 



It remains to prove Proposition 5.11, Rather than choosing a spanning tree of G /, we will in 

that this is 



4.3 



fact choose a spanning tree T of the dual graph G;, but we know from Section 
equivalent. Given such a spanning tree T, define, for each dual vertex F, the integer d^{F,Foo) 

as the graph distance between F and F^o in T. This number is also called the height of F in T 
and it is the length of the word of inte gers which labels F in the labelling which we described in 



the course of the proof of Proposition 4.2 The inequality d{F,Fo^) < dj{F,Foo) holds for all 
F. We claim that T can be chosen in such a way that it is an equality. This is in fact a perfectly 
general property of any finite graph. 

Lemma 5.12. There exists a spanning tree T such that, for all dual vertex F o/G/, the equality 
d(F,Foo) = d^{F,F^) holds. 

Proof. Construct T by choosing, for each dual vertex different from F'oo, one edge which joins 
this vertex to a vertex which is strictly closer from F^o . The subgraph thus obtained is spanning 
and connected, for each vertex is joined inside it to the dual root. It has one vertex more than 
it has edges, it is thus a tree. It is a spanning tree. □ 



We can now finish the proof of Proposition 



5.11 
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Proof of Proposition 5.11 Let T be a spanning tree of G; such that d = dj. Such a spanning 
tree exists by Lemma 



5.12 



RL 



Let vo be the base point of /. Let {Xp : F ^ F^*} be the basis of 

{Fi, . . .,Fg}. Let w be the 



4.2 



Set 



i) determined by T, according to Proposition 
element of the free group Fg such that I = w{\fi, ■ ■ ■ , Xpq,- 

In order to bound the Amperean area of w, we need to understand how the loop / is decom- 
posed as a word in the lassos Xp^, ■ ■ ■ , Xpq- Fortunately, we already did the work in the proof of 
Proposition 4.2 Indeed, let us first write / in the basis {/3e : e G E"*" \ T}. It suffices for this to 
record the ordered list ei, . . . , e„ of edges which are traversed by I and which do not belong to T. 
Then / = (3^-^ . . . /3e„ . We now use the triangular relation ( |81[ ) to convert this into an expression 
of / as a word in the lassos Xp-^^, . . . , Xp . 



It remains to count how many times a given lasso or its inverse appear. According to (81), 
for each i £ {1, . . . ,q} and all j € {1, . . . , n}, the lasso Xp^ or its inverse appears in exactly 
once if ej crosses [Fj,Foo]j, and not at all otherwise. There are dj{F,Foo) unoriented edges in 
Gi which cross [Fi,Foo]j and none of them belong to T. Moreover, I, which is an elementary 
loop, traverses exactly once each unoriented edge of G;. Finally, for each i £ {1,. . . ,q}, the 
lasso Ai?. or its inverse appears exactly dj{F, Fqo) times in the decomposition of I. We chose the 
spanning tree T in such a way that this number is equal to d{Fi, Foq), that is, by definition, the 
value of r\ I on Fi. 

The expression of / as a word w in Xp-^^, . . . , Xp^ which we obtain by applying (81) to the 
equality I = (3ei ■ ■ ■ /3e„ may not be reduced. Simplifying it can however only decrease the 
Amperean area of w, which finally satisfies At(w) < X^Li \Fi\rii{Fif = A{1). □ 

5.5. Uniformity of the convergence towards the master field (proof). We can finally 
prove the result of uniform convergence of the expected trace of the Yang- Mills field towards its 
limit on sets of elementary loops of bounded length. 



Proof of Theorem\5.6[ Let / be an elementary loop. We use the notation of Proposition 5.10 



The law of the random variable ^ does not depend on the graph in which it is computed. We 
choose to consider the graph G; (see Lemma [5^. Let us choose a basis of R\-vo{ 



the conclusion of Proposition 5.10 hol ds. 

On one hand, thanks to Proposition |4.4| for E[tr(ff 
have 



K \ 
N,l) 



in which 



and to Proposition 5.2 for ^^^^(l), we 



I K.N/ 0'D\ 

r, (w ^] 



where denotes the word w read backwards. It is understood, as usual, that in the quater- 



') 



nionic case, tr has to be replaced by Ktr. On the other hand, by Proposition 3.4 

\Tf'''{w'>P)-rtiw°n\ < l^Mw"ne^' 
can be replaced by if IC = C. 

Since At{w°^ 



where 



But Proposition 5.10 ensures that At{w) < ^£{1) 



At(w), we find 



E[tr(i?]^,)]-cI>Aff(/) 



< 



1 1 



e4ir 



A^47r 

which is even slightly better than the expected inequality. 

Let us turn to the second inequality. We are going to apply Proposition 3.5 with a word which 
is not and with a permutation which is not a single cycle. Let r denote the length of the 
word w. Recall that ifw = x^^ . . . xl^, then we denote by w* the word x~^'' . . . x~^^ . Let us apply 
Proposition 3.5 to the word w'^{w°p)* and to the permutation a = (1 . . . r)(r + 1 . . . 2r). This is 
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the place where we benefit from having allowed the word which we consider in Proposition 3.5 
not to be reduced. Indeed, the image of w°p{w°p)* in the free group Fg is the unit element. 
With this notation, we have p^'"" {w°p {w°Py , a) = E[|tr(i/7v(0)P]> or E[mr(ii'7v(0)^] if = H. 

,cr) = |r(/ii)p = . The Amperean area oi w^P {w°P)* satisfies 



We also have pt{w°P{w°P) 
we have 



E 



|tr(F; 



AAt{w). Hence, and with the usual replacement of tr by Ktr if K 



N,u 



N ttN 



Since E[|tr(i/Ar^;)|] < 1 and |<I>''^*'''(/) I < 1, we deduce from this inequality that 



E 



Nl) 



|E[tr(i?; 



N,V 



< 



< 



E 
1 

N 
1 1 
2N 



Itrfi? 



N,l) 



1 

2^ 



+ 2 



K ^ 
N,U 



as desired. Here as in the first inequality, the factor can be replaced by when 



C. □ 



5.6. The distribution of the master field. Let us summarise what we have done since 
the beginning of Section [5} We considered three classes of loops, each contained in the next: 
elementary loops, piecewise affine loops, and loops, so that El{R^) C Aff{M?) C A 
division algebra IC G {M, C, H} being fixed, we have for aU iV > 1 a function : L(R'^) ^ C 
defined by 

V/gL(]R2), ^l(l)=EMH^^i)], 

where, as always, tr must be replaced by 5Rtr if IC = H. Note that these functions are continuous 
by the second assertion of T 
on Aff'* by Proposition 



3.6 



!'heorem |4.1[ and bounded by 1 by construction. They are real-valued 
hence on L(]R^). 

We proved that the restriction on Aff(M^) of the sequence (<&'^)Ar>i converges pointwise to- 
wards a function ^^^^ , which does not depend on K. This is the convergence expressed by 



Proposition 5.5 Moreover, we proved in Theorem 5.6 that for each positive L > 0, this con- 



vergence is uniform on the set of elementary loops whose length is smaller than or equal to L. 
From this and a straightforward observation, we will now deduce that the convergence holds 
and is uniform on the whole space L(]R^). 

For each L > 0, set ^(M^) = {I £ L(]S?) : £{l) < L} and ELl(M2) = EL(]R2) n Ll(M2). Set 
also Li-(M2) = {/ E L(M2) : £{l) < L}. In the following lemma, we consider, as always, L(M^) 
endowed with the topology of the convergence in 1-variation with fixed endpoints. The length 
is by definition a continuous function on L(M^) equipped with this topology, so that Li(R^) is a 
closed subset, and Lj;^-(M^) an open subset of L(M2). 

2\ 



Lemma 5.13. 1. For all L > 0, the closure of ELl{] 

2. For all L > 0, the interior of Ll(M2) is Ll-O^'^ 

3. The union of the sets for L > is L{M 



is Li 



Proof. 1. The piecewise affine interpolations of any given loop parametrised at constant speed 
converge with fixed endpoints, as the mesh of the interpolation tends to 0, to the loop itself. 
These piecewise affine interpolations have moreover a length which is not greater than that of 
the original loop. Contracting them slightly by an affine homothecy centred at the base point of 
the loop allows us to be sure that their length is strictly smaller than that of the loop which we 
are approximating. This gives us freedom to deal with the last possible issue, which is the fact 
that our scaled interpolations may not be elementary loops. Fortunately, any piecewise affine 



66 



THIERRY LEVY 



loop can be turned into an elementary loop by an arbitrarily small modification of the endpoints 
of its affine pieces, simply by making sure that no two of them are equal and no three of them 
are collinear. 

2. For L = 0, the statement is true. Choose L > 0. The interior of Li(M^) contains the open 
subset Li~ (M?) of L(M^). To prove the other inclusion, consider a loop of length greater than or 
equal to L. Any neighbourhood of this loop contains its images by small affine dilations around 
its basepoint, and these images have length strictly larger than L. Hence, no loop of length L 
or more belongs to the interior of Li(]R^). 

3. This assertion barely deserves a proof. □ 

We can now extend our result of convergence to the class of all rectifiable loops. 

Theorem 5.14. The function ^^^^ : AfF(]R^) — )• R can be extended in a unique way to a contin- 
uous function <I> : L(R^) — )■ M, which for all K E {M, C,]HI} and all L > is the uniform limit of 
the sequence of functions {^^)n>i on Ll(M?). 

More precisely, for all loop I € L(M^) and all N > I, the following inequalities hold: 



E 



tr(H 



N,l) 



< 



1 



Var ( t-r{H] 
where tr must be replaced by 3?tr i/lC 



N 
1 

N 

and the factor 



K -■ 
N,l. 



< 



can be replaced by ^ z/ K = C . 



In particular the following convergence in probability holds: 



N- 



and in the case where IK = C, this convergence is fast in the sense that the series 



Af>l 



|tr(//^,,)-cI>(0|>e) 



converges for all e > 0. 



Proof. For each L > 0, it follows from Theorem 
functions on (M^jconverges uniformly to $ 
dense by Lemma 



5.6 



5.13 



that the sequence (<&^)Ar>i of continuous 
on the subset EU(M2) of ^(M^), which is 
Hence, the sequence (^'^)jv> i con verges uniformly on Li(M^) to the 

again, the interiors of the subspaces 



5.13 



unique continuous extension of '^^^^ . Since, by Lemma 
Lr(M ) with L > cover 

L(]R2), the convergence holds pointwise on the whole space L(^ 
the limiting function is continuous. 



and 



Let us turn to the second part of the theorem. Consider a loop I G L(]R ). Let {ln)n>i be 



a sequence of_e. 
of Theorem 4.1 



ementary loops converging to / with fixed endpoints. By the second assertion 
and for all > 1, the sequence {H^ i )„>i converges in probability to i. 
Hence, the same convergence holds for the traces and, since those are bounded, the convergence 
holds in L? . Thus, we have 

Var(tr(/7^,,)) = lim Var(tr(i/^,,J). 
By the second assertion of Theorem |5.6[ we have thus the inequality 



Var(tr(//^ J) <limsup4^(^n 



1 

N 



i{lYe 



with jj replaced by ^ 



if K = C. The rest of the theorem follows immediately. 



□ 
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We would like our final result to be of the same nature as Propositions |5 . 2| and 5.5, describing 
the master field <I> as a trace on the algebra of a group of loops rather than simply a function on 
the set of loops. We need in particular to define the continuous analogue of the group RLt,y(G) of 
reduced loops traced in a graph. This is a deep problem, and a fascinating one in its own right, 
which, fortunately for us, has already been solved, precisely in the case of rectifiable paths, by 
B. Hambly and T. Lyons, in a way which we briefly review, and marginally extend, in the next 
section. 

5.7. The group of rectifiable loops. A beautiful result of B. Hambly and T. Lyons on rectifi- 
able paths allows one, among other things, to make sense on the set Lo(M^) of all rectifiable 
loops based at the origin of an equivalence relation analogous to the one which we used on the 



set of loops traced in a graph (see Section 4.3). The central notion in their approach is that of 
tree-like loop, which turns out to be the appropriate continuous analogue of a loop in a graph 
equivalent to the constant loop. In order to to define a tree-like loop, one needs to use a certain 
notion of continuous tree of which we start by recalling the definition. 

A compact M-tree is an arcwise connected compact metric space in which any two distinct 
points are the endpoints of a unique subset homeomorphic to a segment, and such that the 
unique such subset which joins two distinct points is not only homeomorphic, but isometric to 
a segmenl|^ 

The next theorem gives five equivalent properties of a Lipschitz continuous loop, which all 
characterise tree-like loops. In this theorem, (E, d) denotes a complete metric space and we 
think of the circle as M/Z. 

Theorem 5.15. Let I : ^ E he a Lipschitz continuous loop. The following assertions are 
equivalent. 

1. There exists a compact M-tree T and two Lipschitz continuous mappings f : ^ T and 
g : T ^ E such that I = g o f. 

1 '. There exists a compact M-iree T and two continuous mappings / : 5^ — )• T and g : T ^ E 
such that I = g o f. 

2. There exists a Lipschitz continuous function h : [0, 1] — )■ M+ such that h{0) = h{l) = and, 
for all s, t G [0, 1], the following inequality holds: 

d{l{s),l{t)) < h{s) + h{t) - 2inf{/i(ti) : u G [s,t]}. 

3. The loop I is homotopic to a constant loop within its own range, that is, the mapping I : ^ 
1{S^) is inessential. 

3'. The loop I is homotopic to a constant loop within the union of the ranges of finitely many 
lipschitz continuous loops, that is, there exist some lipschitz continuous loops h, . . . ,ln such that 
mapping / : 5^ — 1{S^) U h{S^) U . . . U ln{S^) is inessential. 

If any of these equivalent properties is satisfied, the loop / is said to be tree-like. A loop which 
satisfies property 3 is also called a thin loop by some authors (see for example \12\). 

Not all these characterisations appear in the work of Hambly and Lyons, in particular not 
the last two, which are slightly remote from their point of view. We thus offer a proof of their 
equivalence. 



It is not explicitly contained in the definition of an arcwise connected space, at least not the one which we use 
nowadays, that any two distinct points of such a space are the endpoints of a subspace homeomorphic to a segment. 
We merely insist that they be joined by a curve, which may have self-intersection. The fact that in an arcwise 
connected metric space any two distinct points are indeed joined by an injective curve seems to be interestingly 
non-trivial, and is in any case a consequence of various substantial theorems due to Hahn, Mazurkiewicz, Moore, 
Menger, Sierpinski and which are summarised in the treatise of Kuratowski [52], §45. 
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First part of the proof of Theorem 5.15 V =^ 2. Set p = /(O), of which we think as the root 
of the tree. For all x,y G T, let us denote by Vg{x,y) the total variation of g along the 
unique segment which joins x to y, that is, the total variation of the function g o ^x,y, where 
'yx^y ■ [0, 1] — >■ T is an injective continuous path from x to y: 



n-l 



yg{x,y)= sup y^d{go-^x,y{tk),go'lx,y{tk+i)). 

0<to<...<tn<l^ 

We claim that the function h : [0, 1] — )• M+ defined by 

hit)=VgipJit)) 

satisfies the second property. 

Let us prove that h is finite and Lipschitz continuous. Let K denote the Lipschitz norm of 
I. For all x,y £ T, let us denote by x A y the midpoint of p, x and y, that is, the unique point 
located simultaneously on the three geodesies from p to x, from x to y and from y to p. Firstly, 
we have, for all s, t G [0, 1], 

\hit) - h{s)\ = \Vg{f{s) A fit), fit)) - Vgifis) A fit)Jis))\ < Vgifit), /(s)) < K\t - s\. 

Now, for all s,t & [0, 1], /(s) is joined to lit) by the image by g of the geodesic from /(s) to 
fit). Hence, if v e [s,t] is such that fiv) = /(s) A fit), then 

dilis), lit)) < Vgifis), fit)) = Vgifis), fiv)) + Vgifiv), fit)) 

= Vgip, fit)) - Vgip, fiv)) + Vgip, /(s)) - Vgip, f iv)) 

= hit) + his) - 2hiv) 

< hit) + his) - 2 inf{/i(u) : u e [s, t]}. 




Figure 11. A compact M-tree on which three points x, y, z have been chosen, 
and the geodesies which join them. The intersection of the three geodesies, 
denoted by m, is the midpoint of x, y and z. 



2 =^ 1. It is a classical fact that the function (5(s, t) = his) + hit) — 2 inf{/i(M) : n E [s, t]} is a 
pseudo-distance on [0, 1] and that the quotient by the relation which identifies s and t whenever 
Sis, = is a compact M-tree, which we denote by T. Moreover, the canonical projection 
p : [0, 1] — )• T is Lipschitz continuous with a Lipschitz constant bounded by that of h. By 
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assumption, / descends to a 1-Lipschitz continuous function I : T ^ E. With this notation, 
I = 1 o p \s the sought-after decomposition. 

Since 1 tautologicahy imphes 1', this proves the equivalence of the first three assertions. □ 

In order to prove the equivalence of 1' and 3, we use a result due to Fort [TT], which we start 
by recalling, for the convenience of the reader and also because Fort's proof seem to contain a 
small gap, which we fill at the end of this section. Fort's statement and proof make use of a 
terminology which has gone slightly out of fashion, and we deem it possibly useful to recall a 
few definitions. Firstly, by a dendrite^ Fort means a continuum (that is, a compact connected 
metric space) which is locally connected and contains no subspace homeomorphic to the circle 
S^. Dendrites are studied for instance in Kuratowski's treatise [231 Chap. VI, §46, VI]. Secondly, 
a continuous mapping f : K ^ L between two continua is said to be light if for each y € L the 
set f~^{y) is empty or 0-dimensional, that is, a subspace of K whose topology admits a basis 
formed by sets which are both open and closed (see the book [21] of Hurewicz and Wallman 
for a comprehensive account of dimension theory) . Finally, a non-empty separable metric space 
is said to be 1-dimensional if it is not 0-dimensional and if its topology admits a basis which 
consists of open sets whose topological boundary is empty or of dimension 0. Fort's theorem is 
the following. 

Theorem 5.16 (Fort, [11]). Let f be a mapping on into a 1-dimensional space Y. Then, f 
is inessential if and only if there exists a dendrite K and mappings fi and /2 such that 
1- f = /2/1, 

2. fi maps onto K , and 

3. f2 is a light mapping on K into Y . 

Any compact M-tree is a dendrite, and it turns out that any dendrite is homeomorphic to a 
compact M-tree (see [6], Lemma 1.7). We can thus replace the word dendrite by compact M-iree 
in Fort's statement. 



Second part of the proof of Theorem 5.15[ V =^3. As a compact M-tree, T is contractible. Let 



rj : [0, 1] X T —7- T be a homotopy from the identity to the constant map equal to p = /(O). Then 
(s,t) I— >• g{r]{s, f{t))) is a homotopy between the loop 1{S^) and the constant loop equal to /(O), 
within 1{S^). 

3 =^ 1'. This is the part where we use Fort's theorem. If / is constant, we may take for T 
a singleton. Let us now assume that I is not constant. The crucial fact is that the range of I, 
being the image of an interval by a non-constant Lipschitz continuous mapping, has Hausdorff 
dimension 1, hence topological dimension 1 (see [21', Theorem VII 2]). Hence, by Fort's theorem 
applied to y = 1{S^), the fact that / is homotopic to a constant loop within its own range implies 
that I factorises through an M-tree. Thus, property 1' holds. 

The assertion 3 certainly implies 3'. We finish by proving that 3' implies 1. This is the same 
argument as the proof that 3 implies 1, with the following modification. The sum theorem (see 
Theorem III 2 in j21] ) asserts that a countable union of closed subspaces of dimension 1 of a 
topological space is still of dimension 1. Hence, the union of the compact ranges of finitely many 
Lipschitz continuous loops has dimension 1, and Fort's theorem applies also in this case. □ 

The result of B. Hambly and T. Lyons which matters most for our purposes, and which 
actually is a corollary of their main result, is the following. 

Theorem 5.17 ([E]). The relation ~ defined on Lo(M^) by declaring li ~ I2 if and only 

is tree-like is an equivalence relation. Moreover, each equivalence class contains a unique loop 

of shortest length, which is characterised by the fact that no restriction of this loop is a tree-like 

loop. 
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A loop which is the shortest in its equivalence class is said to be reduced. In [19] , this theorem 
is inferred from considerations on an algebraic object associated to a path which the authors 
call its signature. It turns out that the fact that the relation ~ is an equivalence relation can be 
deduced in a slightly more elementary way from the definition 3' of a tree-like loop and, since 
this definition was not considered in |19) . we take a moment to give the argument. The point is 
of course that 3' allows one to see ~ as a relation of homotopy, of which we know that it is an 
equivalence relation. 

Alternative proof of the fact that ~ is an equivalence relation. That the relation ~ is reflexive 
and symmetric is straightforward. The problem is to prove that it is transitive. Let us assume 
that three loops h, I2 and ^3 are such that li ~ I2 and h ^ h- Then, in the union of the ranges 
of li, I2 and /s, the loops li and I2 are homotopic, as well as I2 and Z3. Hence, li and ^3 are 
homotopic, so that li ^ l^. □ 

Note that the equivalence between the characterisations 1' and 3 of tree-like loops holds for 
all loops whose range has topological dimension 1. Since the topological dimension is smaller 
than the Hausdorff dimension (see [21, Theorem VII 2]), this holds for loops whose range has 
Hausdorff dimension strictly smaller than 2, in particular for loops with finite p- variation for 
p G [1; 2). It even holds for loops whose range has Hausdorff dimension 2, provided the measure 
of their range is zero. Thus, the following result holds. 

Proposition 5.18. Let {E,d) be a metric space. On the space of continuous loops I : ^ E 
such that the 2 -dimensional Hausdorff measure of 1{S^) is equal to zero, the following relation 
is an equivalence relation: 

h ~ h if o.'iT'd only i/Zi/g ^ is tree-like, 



in the sense of the property 1 ' of Theorem 5.15 



In particular, ~ is an equivalence relation on the set of all continuous loops which have finite 
p-variation for some p < 2. 

Let us go back to our initial setting where we consider Lipschitz continuous loops in M?. 
With the help of the very natural equivalence relation which we described, we may proceed in 
the same way as in the discrete setting and consider the quotient of Lo(M^) equipped with the 
operation of concatenation. Equivalently, we may consider the group RLo(M'^) of reduced loops 
with the operation of concatenation and reduction. Note that, contrary to what happens in the 
discrete case, and perhaps also to intuition, this group is not a free group. Indeed, it contains 
a subgroup isomorphic to the fundamental group of a topological space called the Hawaiian 
earring |9], which is known not to be free. Since, by a classical theorem of Nielsen and Schreier, 
any subgroup of a free group is free, the group RLo(M^) is not free. 

It would be very desirable at this point to possess a nice structure of topological group on 
RLo(M2). Unfortunately, we do not know how to define such a structure. We shall therefore 
content ourselves with the bare algebraic structure. 



As an appendix to this section, we discuss a particular point of Fort's proof of Theorem 5.16 
which we found unsatisfactory, and give an alternative argument. Fort's proof rests on the 
following lemma, in which is seen as the boundary of the unit disk D of the plane M?, which 
Fort denotes by P. 

Lemma 5.19 ([llj). Let Y be a metric space. If f : ^ Y is inessential, then there exists 
a continuous extension F : D ^ Y of f such that none of the components of the inverse sets 
F~^{y)-:y ^ ^ ! separates the plane P. 
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The condition on F is thus that for each y ^Y, each connected component of F ^{y) has a 
connected complement in M^. 

Proof. Let 5 : D — >• y be a continuous extension of /, which exists because / is inessential. Let 
A be the set of connected components of sets of the form f~^{y), y ^ Y. Then j4 is a partition 
of D by connected compact subsets. It is moreover upper semi-continuous, in the sense that the 
union of the elements of A which meet any given closed subset of D is again a closed subset of 
D. Upper semi-continuous decomposition of continua are defined and studied by Kuratowski in 
|24| IV, §39, V]. Fort is also using here the assertion V, §42, VI, 8 of the same treatise, which 
originally is due to Eilenberg |lUj . 

Fort defines a partial order on A by setting a < b if b separates a from infinity. His idea is to 
consider the set of maximal elements of A and, for each such maximal element m, to replace the 
function g by the function which is constant on the union of m and all the bounded connected 
components of its complement, equal there to the unique value of g on m. 

The gap lies in the proof that every element of A is dominated by a maximal element. Fort 
proves that the set {6 S ^ : a < 6} is totally ordered, but then appeals to Zorn's lemma to 
produce a maximal element of this set. This is unfortunately not right, since Zorn's lemma 
applied to a totally ordered set reduces to the tautological statement that the set admits a 
maximal element if it admits a maximal element. It is nevertheless true that {b £ A : a < b} 
admits a maximal element for each a G A, as we shall now prove. 

Let us introduce some notation and make a few observations. For each b E A, let us follow 
Fort in denoting by b* the union of b and the bounded components of \ b. The boundary of 
b* is a subset of b. Hence, if a and b are distinct elements of A, then the boundaries of a* and b* 
are disjoint. Since a* and b* are connected, this implies that they are either included one in the 
other, or disjoint. Moreover, a* C b* if and only if a < 6. Finally, the definition of the partial 
order on A can usefully be reformulated as follows: we have a < 6 if and only if every closed 
connected subset 7 of D which meets both a and also meets b. 

Let us choose a € A. The set C = Ua<6^* contains a and is contained in D. It is thus neither 
empty nor equal to M?, and its boundary is not empty. Let us choose a point x £ dC. Let c be 
the element of A which contains x. We claim that c is the greatest element of {6 G ^ : a < 6}. 

To start with, let U be an open set containing c. Since A is upper semi-continuous, there 
exists an open subset V ofU which contains c and which is a union of elements of A. The set 
V , being a neighbourhood of x, meets C and hence contains an element b oi A such that a < b. 

Let 7 be a closed connected set which meets both a and . Since every neighbourhood of c 
contains an element b oi A such that a < b, every neighbourhood of c meets 7. Since c and 7 
are closed, this implies that c meets 7. Hence, a < c. 

If there existed b G A such that c < b, then x would belong to the interior of b* , hence to the 
interior of C, and this is not the case. Thus, c is the greatest element {b G A : a < b}. 

We proved that each point x of -D is contained in c* for a unique maximal element Cx of A. 
Fort defines F : D ^ Y hy setting, for all x £ D, F{x) equal to the unique value of g on Cx- Fort 
claims essentially without proof that F is continuous, and since we are reviewing his argument, 
we complete this point too. 

Let X be a point of D. Let c be the maximal element of A such that c* contains x. If x 
belongs to the interior of c*, then F is constant in a neighbourhood of x, hence continuous at 
X. Otherwise, x belongs to the boundary of c*, hence to c, so that F[x) = g{x). Let then W 
be a neighbourhood of F[x). Since W is a, neighbourhood of g{x) and g is continuous, there 
exists an open neighbourhood U oi x such that g{U) C W . Moreover, we may, and do, choose 
U connected. We claim that F{U) C g{U). 
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Indeed, let z be a point of U . Let d be the maximal element of A such that d* contains z. 
The set U , containing z, meets d* . On the other hand, x is not included in the interior of d*, so 
that U also meets the complement of d* . Therefore U, being connected, meets the boundary of 
d* , hence d itself. It follows that F{z), which is the value taken by g on d, belongs to g{U). 

This proves our claim, and the fact that F is continuous. The reason why F is an extension 
of /, given by Fort, is that any element of A which contains a point of is maximal. □ 

5.8. The master field as a free process. The discussion of the previous section provides us 
with a natural algebra on which the master field is defined, namely the algebra C[RLo(M^)] of 
the group of reduced rectifiable loops based at the origin. 



Not only can we restrict the function $ defined by Theorem 5.14 to the set of reduced loops, 
but it is in fact compatible with the equivalence of paths. 

Lemma 5.20. Letli,l2 G Lo(M^) be two loops based at the origin. Assume thatli ~ l2- Then for 
all K € {M, C,]HI} and all N > I, the equality = holds almost surely. In particular, 

for all K and all N>1, = '^fiih), and $(/i) = ^(h). 

Proof. The second assertion follows immediately from the first. By the multiplicativity of the 
Yang-Mills field, the first assertion will be proved if we show that for all tree-like loop /, the 
random matrix ^ is almost surely equal to the identity matrix for all > 1. 

In a first step, let us consider a tree-like loop / traced in a graph G, based at some vertex 
vq. We need to show that / is combinatorially equivalent to a constant loop. We know that 
I is homotopic to a constant loop within its own range, hence within the skeleton of G. The 
description of the group RL„q(G) as the free group over a set of facial lassos shows that this 
group is isomorphic to the fundamental group of Sk(G). Hence, / is equal to 1 in this group, 
which means that it is combinatorially equivalent to a constant loop. Then, the multiplicativity 
of the Yang- Mills field entails that ^ = J^r almost surely for all > 1. The conclusion of 
this paragraph applies in particular to any piecewise affine tree-like loop. 

In a second step, let us consider a tree-like loop /, without any further assumption. We claim 
that / is the limit of a sequence of piecewise affine tree-like loops. In order to prove this, let us 
consider a factorisation I = g o f through an M-tree T. For each n > 1, consider a finite subset 
of T whose 2~"-neighbourhood covers T and let r„ be the convex hull of this subset, which is 
a finite sub-tree of T. Construct cjn '■ Tn ^ as the unique mapping which coincides with 
g on the vertices of T„ and is affine on each edge of T^. Finally, let pn : T ^ Tn denote the 
retraction which is the identity on T„ and sends each connected component of T \ T„ onto the 
unique point of which belongs to the closure of this component. Let us define, for all x G T, 
gn{x) = gnijpnix)). Then it is not difficult to check that gnO f is piecewise affine and converges 



to / as n tends to infinity. Hence, by continuity of the Yang-Mills field for fixed > 1, we have 

tK 



I = /tv almost surely for all > 1. This concludes the proof. □ 



According to this lemma, the functions and <I> descend to functions on the quotient 
Lo(M^)/ ~jOr on RLo(M^). We still denote these functions by and <I>. It fohows from 



Theorem 5.14 that, on the complex involutive unital algebra C[RLo(M the sequence of 
states ($^^7v>i converges pointwise to $, which is also a state. 
We can thus define the master field as a free process. 

Definition 5.21. Let C[RLo(M^)°p] be the complex group algebra of the opposite group of reduced 
rectifiable loops on M? endowed with the operation of concatenation-reduction. Let # be the linear 
form on this algebra characterised by the equality 



(89) V/ G RLo(M'), m = lim Eym^.^^ tv{H^ 



N,l) 
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On the non-commutative space {C[RLq{M?)°p],^) , define the process {hi : / G Lo(M^)} by 
letting, for all I G Lq, the non-commutative random variable hi be the image of I by the composed 
mapping loiM"^) RLo(K^) C[RLo(M2)°p] . In other words, hi is the unique reduced loop 
equivalent to I, seen as an element of the group algebra of the group of reduced loops. 

The process (/iz)ieLo(M2) is called the master field on the plane. 

We can state the main theorem of the present work in its final form. 

Theorem 5.22. Choose K € {M, C,]HI}. For each N > I, consider the Yang-Mills field on 
the plane with structure group U(A^, K), associated to the Lebesgue measure on and the 



scalar product on u{N,K) given by (10). This is a process (-f^jvz)/eLo(M2) with values in U(A^, K). 
Consider this process as a non-commutative process with respect to the state E(5Dtr f/K G {M,C} 
andE^mr if K = m. 

1. As N tends to infinity, the Yang-Mills field converges in non-commutative distribution 
towards the master field on the plane. 

2a. If G is a graph and {\p : F G F^} is a lasso basis of the group of reduced loops in G 
(see Section 4-3), then the non- commutative random variables {hx^ : F G F^} are free, and each 
random variable h\p has the distribution of a free unitary Brownian motion at time \F\. 

2b. If h and I2 are two loops, then hi^i^ = hi^^hi^. 

2c. The process {hi : I E Lo(M^)} is continuous in the iP' topology. This means that if a 
sequence of loops {ln)n>o converges to a loop I, then — hi){hi^ — hi)*) tends to as n 

tends to infinity. More generally, if the sequence {ln)n>o converges to I, then for all integer 
q > 1, all loops mi, . . . , nig and all word w G in q + 2 letters, the following convergence 

holds: 

lim ^{w{ln,ln^,rni,. . . ,mg)) = ^{w{l,r^ ,mi, . . . ,mg)). 

n~^oo 

3. The properties 2a, 2b and 2c characterise the distribution of the master field. 

4. The function : Lo(M^) — > C determined by <!>(/) = ^{hi) satisfies ^{l~^) = ^{l) for 
all loop I, takes its values in the real segment [—1,1], and is continuous with respect to the 
convergence in 1-variation. 



Proof. 1. This is part of th e content of Theorem 5.14 
2a. By Proposition 



4.4 



the random variables -f^^^^, • • • ,11^ are independent. The claim 
is thus a consequence of the theorem of Voiculescu [41] (see also Theorem 3.3) which asserts 
asymptotic freeness for large independent random matrices invariant in distribution by unitary 
conjugation. 

2b. This follows from the very definition of the process (/i/)ieLo(M2) and the fact that we 
consider the group RLo(M^) with its opposite multiplication 



2c. Assume that {ln)n>i converges to /. For each N >1, H^i converges in probability to 



H'^ I , so that 



]im <^%iihi„ - hi){hi„ - hi)*) = 2 - 2 Jim 3f?$5v(/i/„;-i 



2 lim m[tr((/7^,)-i/7^, )]=0. 



Since the convergence of towards $ is uniform on the set {In : n > 1} U {/}, for the length 
function is bounded on this set, the convergence holds at the limit when tends to infinity. The 
last assertion follows from the same argument applied to w°p{H^ ^ , H'^ . , i/^ ^ j • • • , ^ ). 

3. Properties 2a and 2b characterise the distribution of the master field on the set of loops 
traced in a graph, hence on the set of piecewise affine loops. Property 2c guarantees that the 
distribution on Lo(M^) is given by the unique extension by continuity of that on AfFo(M^). 
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By Theorem 3.6, the function <I> is real on Affo(M^). It is continuous on L(M^) by the third 



assertion of the present theorem. It is thus real- valued on Lo(M'^). Since for all loop I one has 



$(/-!) = <!)(/)*, $(/~^) is also equal to <!>(/). Definition ([89]) shows that it is bounded by 1. □ 



6. Computing the master field 

From the study of the large N limit of the Yang-Mills field on the Euclidean plane presented in 
this work, and the substance of which is summarised in Theorems 5.14| and 5.22 , it emerges that 



the master field, which is the limiting object, is completely described by a plain deterministic 
bounded, real- valued, continuous function ^ on the set Lo(M^) of loops with finite length based 
at the origin. In this section, we address the following obvious question: given a loop / on the 
plane, how can we actually compute the real number $(/) ? 

We are going to provide several more or less explicit pieces of answer to this question. They 
all rely on the fundamental principle that one should see ^{l), and its approximations <I>'^(?), 
as functions of the areas of the faces delimited by /, and that the information we are looking for 
can be obtained by differentiating these functions. 

It is clear from this general description that this approach will only work for loops which 
delimit a finite number of faces. Accordingly, the level at which we address the problem is that 
of the discrete theory. The answer which we are seeking is thus combinatorial in nature. 

The content of the present section is in part guided by the desire to understand at a mathe- 
matical level of rigour and to elaborate on previous work of Makeenko and Migdal ^31j > Kazakov 
[22], and Kostov [23] on this question. 

In a first step, we shall compute in a fairly general framework the derivative of the Yang- 
Mills measure on a graph with respect to the areas of the faces. Our expressions will involve 
differential operators on the configuration space of the discrete theory which we will, in a second 
time, interpret in a combinatorial language. This second step will be meaningful only for a 
special class of observables known as the Wilson loops, which are on one hand very natural, on 
the other hand general enough to generate the algebra of all invariant observables, and most 
importantly general enough to contain the functions which we are interested in, namely the 
functions 

6.1. Differential operators on the configuration space. To start with, we introduce some 
differential operators on the configuration space of the discrete Yang-Mills theory. The compu- 
tations which we are going to do in the first sections are valid for any structure group. We thus 
choose a connected compact Lie group G, with Lie algebra g. 

Let G = (V, E,F) be a graph. The configuration space = A4{P{G),G) is in a canonical 
way a smooth manifold through the identification 'rf'^ ~ , regardless of the orientation E"^ 
of G that we choose. We are going to define certain vector fields on this manifold. It is tempting 
to this end to use the Lie group structure inherited from G^ , but this structure depends on 
the orientation. In a first time, it is more convenient to use the following description of the 
configuration space: 

= 7W(E, G) = {(/i(e))egE : Ve e E, h{e-^) = He)-^}, 
submanifold of G . 

Let e G E be an edge. Let X be an element of the Lie algebra g. We define the vector field 
£3^ on -r"^ by setting, for aU /i e 

at \t=o 
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where, for all t G M and all e' G E, 

(h{e') ife'^{e,e-H, 

ht{e') = { /i(e)e*^ if e' = e, 

(e'^^h{e'^) ife' = e-i. 

Let us extend slightly this definition. Let c G P(G) be a path which ends at the starting point 
of e. We define the vector field by setting, for all h G 

(£5^^) (/.) = (/:id(.(c))x)(^)- 

In vague but perhaps more intuitive terms, the field corresponds to the adjunction of an 
infinitesimal loop with holonomy X at the starting point of the edge e. This starting point 
should however not be understood as the vertex e, since there may be edges other than e which 
are issued from e, but the field does not affect the configuration on these other edges. Let us 
rather imagine that an infinitesimal loop with holonomy X is inserted at the very beginning of 



the edge e (see Figure 12). Similarly, the field C'^ varies the current configuration by inserting, 
at the very beginning of e, a loop formed by the path followed by an infinitesimal loop with 
holonomy X and then the path c. 



X 



Figure 12. The action of the vector fields (o^ the left) and C'^^ (on the right). 




Note that for all e G E, the mapping g — )• X{'io ) into the Lie algebra of smooth vector fields 
on "^"^ which sends X to C\ is linear and a homomorphism of Lie algebras. 

Let us assume that g is endowed with an invariant scalar product, which we denote by (•,•). 
Let / : — )• C be a smooth function. We define the gradient at e of / by choosing an 
orthonormal basis {Xi, . . . , X^) of g and setting, for all h G '^'^ , 

{y'f){h) = Y,{{c\j){h))x,. 

k=l 

The gradient thus defined does not depend on the choice of the orthonormal basis of g, for 



example because it is a linear function of the Casimir element of g (see Section 1.3). Similarly, 
we define 

d 
k=l 

Both V^/ and V*^'^/ are smooth g-valued functions on They are related by 

(y^'^f)ih) = Ad{h{c)r'i{v^f){h)). 

In particular, using the invariance of the scalar product on g, we deduce from this equality that 
if fi and /2 are smooth functions on if ei and 62 are two edges of G and if di and d2 are 
two paths which join a same vertex to the starting points of ei and 62 respectively, then the 
equality 

(90) (v'^i'^l/l,V'^2,e2y' \ = /^d^^di,e,j_^ye2f^ 



76 



THIERRY LEVY 



holds pointwise on '^'^ . 

Let us now define second-order differential operators. Let ei,e2 be two edges of G. Let 
c S P(G) be a path which joins the starting point of 62 to the starting point of e\. Let 
(Xi, . . . , be an orthonormal basis of 3. We define 

d 

fc=l 

If ei and 62 are issued from the same vertex and c is the constant path at this vertex, we write 
^e2;ei _ ^e2;c,ei^ j£ jngreover ei = 62 = e, we write 

d 
k=l 

As before, none of these definitions depend on the choice of the orthonormal basis of 3. Let us 
however emphasise that the order of the derivatives in the definition of A'^2;c,ei blatters, since 
in general, 

d d 



"62 

k=l k=l 



unless ei / 62 and the path c does not traverse the edge 62- 

We have defined the differential operators C^, V^'^ and A'^^ic.ei configuration space 

seen as a submanifold of G^. It is however usually simpler, when one is computing on the 
configuration space, to choose an orientation E"*" of G and to use the identification ~ G^'^ . 
Let us write down the definition of our differential operators in this language. It is enough to 
write the definition of Cj^, since all others are built from this one. 

Let E"*" be an orientation of G. For each e € E"*" and all X G q, let us denote by X^ the element 
(0, . . . , 0, X, 0, . . . , 0) of Q^'^ whose only possibly non-zero component is that corresponding to 
the edge e and is equal to X. Let / : G^'^ — )• C be a smooth observable. Let h G G'^^ be a 
configuration. Let e G E be an edge, and X an element of q. If e belongs to E"*", we have 



and if e ^ belongs to E+, then 



(91) C^i/X")"!.,/!'"-" 

Let us collect some properties of the differential operators which we have just defined and 



which we will need in the proof of Proposition 6.4, We denote, as in Section 4.1, by A the 



Laplace operator on G, and by {Qt)t>o the associated heat kernel. 

Lemma 6.1. 1. Let /i,/2 : — )• M 6e two smooth functions. Let e be an edge of G. We 
have, for all X £ q, 



fl{h){C\f2){h) dh=- {C%fi){h)f2{h) dh. 

q¥.+ JqE+ 



Ln particular, 



[ flih){A'f2){h)dh= [ {A'fi){h)f2{h)dh. 
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2. Let e be an edge of G. Let c G P(G) be a path in G from the finishing point of e to its 
starting point, such that c does not traverse e nor e~^ . Let I be the loop ec. Let g : G — t- M be a 
smooth function invariant by conjugation. 

The two functions h i— t- {Aq){h{l)) and (h i— q{h{l))) are equal and the two functions 
h I— 7- (Ag)(/i(/^^)) and {h i— q{h{l^^))^ are also equal. 

Ln particular, if e is an edge which bounds a face F, whether positively or negatively, then for 
all t > 0, 

{AQt){hidF)) = A^h^ Qt{h{dF))) . 

3. Let F be a face of G. Let e and e' be two edges which bound F, respectively positively and 
negatively. Let c be the portion of the boundary of F which joins the starting point of e' to the 
starting point of e (see Figure [T^ below). Let X be an element of q. Then for all t > 0, 

(h ^ Qt{h{dF))) = {h ^ Qt{h{dF))) . 

More generally, if d is a path which starts from the starting point of e, then 

4"'^ {QtiKdF))) = -C^f'^' (QtihidF))) . 




Proof. 1. The operator satisfies the Leibniz rule. Hence, the first set of assertions is a 
consequence of the fact that for ah smooth function / : G^'^ — t- M, one has 

(Cxf^h) dh = 0. 

QE+ 

This equaUty in turn follows from the fact that the Haar measure on G^'^ is invariant by the 
flow of £3f > which is a flow of translations, on the right if e G IE"*" and on the left if G E"*". 
2. Since q is invariant by conjugation, so is Aq. We thus have 

{Aq)ih{l)) = (Ag)(/i(ec)) = {Aq){h{c)hie)) 

= E §2.^,1 (Mc)Me)e*^^) = A^{q{h{ec))). 

k=l 

Similarly, 

{Aq){h{l-')) = {Aq){h{er'h{c)-') = ^ q (e*^'=Me)-^Mc)-') 

k=l 

d 



E ^1,^0^ {e-'^'^hier'hicr') = A^qihil-'))). 



k=l 
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3. The first assertion follows from the second, by taking d to be the constant path at the 



starting point of e. Let us write dF = ec'(e') ^c, with c' the appropriate path (see Figure 13 
above). We have 

ds\s=o V / 
= ^-Ad(MM)-))x mHdF))) 
= -C^f'"^'' {QtiKdF))), 
as expected. □ 

Let us emphasise that the operator C^-^ does not satisfy in general a formula of integration 
by parts analogous to the one satisfied by C\. More precisely, it satisfies such a formula only 
when it is applied to observables which are invariant under the action of the gauge group. 

Let us describe how the differential operators which we have defined are transformed by the 
action of the gauge group (see the end of Section 4.3). 



Lemma 6.2. Let f : C be a smooth function. Let ei and 62 be two edges of G. Let c be 

a path joining the starting point of 62 to the starting point of ei . 

1. For all j G and all X G g, the following equality holds: 

(92) j-{^Tir'-f)) = cz\,^,,-r,^f. 

2. The operator A^2;c,ei invariant. In other words, for all j G , the following equality 
holds: 

j.(A^2;='-i(j-i./)) =A'=^'^'^V. 

The proof of this lemma is a straightforward application of the definitions and we leave it to 
the reader. The formula of integration by parts for the operator C^'^ is the following. 



Proposition 6.3. Let f : 'Ioq C be a smooth invariant function. Let e be an edge of G. Let 
c be a path finishing at the starting point of e. Let X be an element of Q. The following equality 
holds: 

{C%'f) (h) dh = 0. 



Proof. We are going to average the equality ([92j) over the gauge group, which is a compact Lie 
group. 

The invariance of / and (|92|) imply that for all j G G^^ , we have 

dh. 



(h) dh = (/:rdO(,)-.)x/) (r ^ • h) 



I (5^+ J qE 

Since the Haar measure on G'^^ is invariant under the action of G^ , we can replace ■ h by h 
in the right-hand side and, averaging over j, we find 



C%'f) (h) dh = j (^AdO(c)-i)x/) (^) djdK 



which by linearity of the map X 1— t- C'^, is equal to 



(r//) (h) dh, 
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where we set Z = j'gvAd(j(c) '^)X dj. We have Z = J^Ad(x)X dx, which belongs to the 

centre of the Lie algebra g. Hence, for all h G G^'^ , £^'^/(/i) = 'l^Ad{h{c))zf(^) ~ ^zfW' 
we finally find 

/ {C\'f){h)dh= [ (C'kf){h)dh, 

which is equal to zero by the first assertion of Lemma |6.1[ □ 

6.2. Variation of the area in the abstract. The main result of this section provides us with 
an expression of the derivative of IEym*' [/] '^if ^ respect to the area of a face of G, in terms of the 
differential operators which we introduced in the previous section, and without any assumption 
on the observable /. 

Before we state the result, let us give a more formal description of what we mean by this 
derivative. Let G = (V, E, F) be a graph. Let be the set of bounded faces of G. For all 
t : ¥^ ^ M^, we define the Yang-Mills measure with areas t on the configuration space 'W'^ by 
the following formula, analogous to ( |80| ): 

(93) YMfidh) = H Qtf^p){h{dF)) dh. 

We are interested in the partial derivatives of the mapping t i— )• EyiyrJ/], where we see t as an 

element of (M^)'^''. Since we have, up to now, denoted by \F\ the area of a face F, we will use 
the notation 

which is lighter and perhaps clearer. 

Proposition 6.4. Let G = (V, E, F) be a graph. Let n > 1 be an integer. Let Fi, . . . , Fn+i be a 
sequence of faces of G. Assume that Fi, . . . ,Fn are bounded faces of G. For all r £ {1, . . . , n}, 
assume also that the faces Fr and Fr+i are distinct and adjacent, and let Cr be an edge which 
bounds Fr negatively and Fr+i positively. For each r £ {2, . . . , n}, denote by Cr the portion of 
the boundary of Fr which joins the starting point of Cr to the starting point ofcr-i. Finally, let 
f : — )■ M 6e a smooth function. Then, if n > 2, we have the following formula : 



d 



d 



d\Fi\ d\F2\ 



E. 



-A 



ei 



ei;Ci...C2,ei 



f 



(94) 



+ Eymc [(V^" {h ^ logg,(^„^,)(/i(9K+i))) , V'^"-'^2'^V>] 



in which the last term of the right-hand side must be replaced by in the case where -Fn+i = ^oo • 
If n = 1 and F2 is not the unbounded face, then the same formula holds after dropping the sum 
over i in the first expectation and replacing '^^"■■■C2,ei yei second. Finally, if n = 1 

and F2 is the unbounded face of G, then the formula simply reads 



(95) 



^pry IEym« [/] = ^ymc 



1 



Let us emphasise that in this proposition, as well as in its forthcoming Corollary 6.5, the 
sequence of faces Fi,. . . ,Fn is allowed to contain repetitions. We only assumed that each face 
is different from the next. Let us also emphasise that the result holds without any assumption 
of gauge-invariance of the observable /. 
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F3 


F2 


Fi 












C3 


C2 





Figure 14. A schematic picture of the paths involved in the differentiation with 
respect to the area of the face Fi . 



Proof. The proof is a straightforward computation. Let us go through it step by step. 

The first step consists of course in using the heat equation satisfied by the heat kernel {Qt)t>o, 
together with the second assertion of Lemma |6.1[ We find 

;^IEvMf [/] = ^ m JlQ,,,,iHdF)) dh 



2 , f{h){AQt(^F,)mdF,)) n QmiHdF)) dh 

'^^ Fe¥b\{Fi} 



2 f{h)A-^ (Qi(^,)(/i(aFi))) Yl QtiF){h{dF)) dh. 

FeF''\{Fi} 

Among all edges which bound Fi, we chose the edge ei. Now, we use integration by parts, or 
equivalently the fact that A^^ is self-adjoint (see Lemma 6.1 ). If n = 1 and F2 is the unbounded 
face, then f(h) and Qt(^p^-^{h{dFi)) are the only factors in the integrand which depend on the 
edge e and we find 



d 



Eym«[/] = \ j^^^ QtiF,){h{dFi))A'- f{h) n QtiFmdF)) dh 



d\Fi\ 

\ [ ^(A-v)WQ*(F,)(^(5^i)) n Qt(F){HdF)) dh 

J G r-, -■n-,l.\ r -1-1 -1 

'1 



FeF^XlFi} 



2 I r<v.+ 

^ FgF''\{Fi} 



2 ■' 



which proves the result in this case. If F2 is not the unbounded face, then Q^p.^^{h{dF2)) also 
depends on the edge ei, and no other term does. We find, applying the Leibniz rule, 



d 



^YMfif] = \ (^{^"'fmQtiF.MdFi)) n QtiFMdF)) dh 

FeF''\{Fi} 



d\Fi\ 

+ \ f{h)A'^ {Q,^p^){h{dF2))) n QmiHdF)) dh 

F(i¥b\{F2} 



d 



(96) + E {^xj) (^)^x, {QtiF,){h{dF2))) n Qti,F){h{dF)) dh. 

We recognised already the first term of this sum as the first part of the first term of the right- 
hand side of (94). In the second term we recognise, using backwards the second assertion of 
Lemma 6.1 the derivative of the integral of / with respect to the area of F2. If n = 1, we thus 
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find 



proving the result in this case. 

In order to treat the case where n > 1, we need to transform the last term of (96), and we 
do so by using the third assertion of Lemma |6.1[ We find 

d 

(97) 

k=l'''^" ■ ■ F&''\{F2} 

where we have of course chosen the edge 62 as bounding F2 negatively. Using ( 90 ) , this equality 
becomes 

^E^Mf [/] = ^EyM«[A-/] + ^Eymc[/] 

(98) - E / + i^Z'f) {QtmiKdF^))) n QmiKdF)) dh. 



E / + {^xj) (^)^C''' {QmMdF^))) n QmiKdF)) dh, 



k=l 



F&b\{F2} 



This form of the equality allows us to move one step forward along the sequence of faces which 
we are given. For this, we use the first assertion of Lemma 6.1 to proceed to an integration by 
parts with respect to the edge 62, which brings in the term Qi(^p^^{h{dF^)): 

+ E / + (^x/xf /) {h) n Qm{h{dF)) dh 



fc=i 

d 



+ E / + (^xf/) (^)^x, {Qm)iHdFs))) n QmiHdF)) dh 

1,-1 m^wf,\ r rri 1 



k=l 

d 



Fe¥b\{Fs} 



fc=l '^'^^ F&bXlFs} 



where again we used the third assertion of Lemma 6.1 and (90). The last term is similar to the 
last term of the right-hand side of (98 ), but one step further in the sequence of faces Fi, . . . , Fn+i- 
We can continue this until we reach the end of this sequence: if -Fn+i is not the unbounded face, 
a straightforward induction argument finishes the proof. If on the other hand -Fn+i = -^oo; 
we still need to observe, as we did in the case where n = 1, that there are only two terms in 
the integrand which depend on the edge e^, namely f{h) and (5j(^^)(/i(9F„)). Hence, in the 
last integration by parts, with respect to this edge e„, only one term is produced, which is the 
integral of ^^"■''^"■■■'^^'^'^ f . This concludes the proof also in this case. □ 
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In the process of computing the derivative of the integral of / with respect to the area of Fi , 
the derivative of the same integral with respect to the area of F2 appeared unexpectedly. We 



can easily correct this as follows, thus obtaining a generalisation of (95) 



Corollary 6.5. Recall the notation of Proposition 6.4 
unbounded face of 



Let us assume that the face Fn+i is the 



Then the following equality holds : 



(99) 



d 



l<2<j<n 



Proof. Simply write 
d 



n-l 



d\F,\ d\F,+,\J YMi' 



= [/] + 



d\Fn\ 



7 



EYMf[/] 



and apply Proposition |6.4| to compute each term. 



□ 



6.3. Outline of the strategy. Our goal is to compute '&^(0 = lE[tr(f/'^;)] and its large N 
limit for each loop / in a certain class to be defined. For this, and given a loop /, we will 
proceed as follows. 

1. Consider a graph Gi in which / is traced and see $^(0 (or $(0) a function of the areas 
of the faces of G;. 

2. Find a finite differential system, derivatives being taken with respect to the areas of faces 
of G/, such that one of the unknown functions of this system is *I''^(0 (or ^{l)). 

3. Solve this differential system and evaluate the solution at the actual areas of the faces of 



The first step is easy, provided we choose our loop in an appropriate class. The second step 
is of course the most delicate one. Our main tool for building a differential system is Corollary 
6.5 We shall apply it to the observable / : /i 1— )• tr(/i(/)), which is called a Wilson loop. On 



the right-hand side of (99), there will appear new observables, which are not necessarily Wilson 



loops, but polynomials of Wilson loops. We will show that when / is a polynomial in Wilson 
loops, then the right-hand side of (99) is still a polynomial of Wilson loops. This is a good 



point, but this does not suffice to ensure that we will be able to write a closed finite differential 
system. We will achieve this by carefully choosing the sequences of faces which we use in the 



application of (99). 



We treat three simple examples in Section 6.6 Then, in Sections |6.7| and 6.8, we progressively 
describe the class of observables which is appropriate for our problem, in that it contains Wilson 
loops and allows us to write finite closed differential systems. We call Wilson garlands the 
observables of this class, and they are particular polynomials of Wilson loops. Wilson skeins 



(introduced in Section 6.7) are an intermediate step on the way to the more complicated Wilson 



garlands (Section 6.8), and they will play an important role in the last sections, where we focus 



on the function $ rather than on its approximations 



Then, in Section 6.9, we write down the differential system, and solve it, thus fulfilling the 
third step of the program. Solving the system is not at all difficult, because it is a first-order 
linear differential equation with constant coefficients. However, we need to prescribe some initial 
value to our solution, and this is something we do in Section 6.5, In that section, we consider 



a larger class of observables, called spin networks, for which we prove a result of analyticity of 
the expectation with respect to the area of the faces. We introduce spin networks in the next 



section. Section 6.4, in which we also study how the differential operators which we introduced 
in Section 16.11 act on them. 
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The contents of Sections 6.10 to 6.13 will be described at the beginning of Section 6.10 



6.4. Area derivatives of spin networks. Let us recall the definition of spin networks. Let 
G = (V, E,F) be a graph. For each vertex v, we define the set Out(t;) as the set of edges issued 
from v: 

Out{v) = {e £E : e = v}. 
In order to define a spin network, we need first to choose a collection a = (ae)eeE of represen- 
tations of G, acting respectively on the real or complex linear spaces (V^)eeE) and such that for 
all e € E, we have V^-i = V*, the dual vector space of Ve, and Og-i = ; the contragredient 
representation of Oe- Once a is chosen, we also need to choose a collection / = (/^)^gv of tensors 
such that for all v the tensor ly belongs to (2)eeOut(t)) ^e- 

From the data of a and /, we build a function tpaj '■ '^q — )■ C as follows. Let us choose 
an orientation C E of G. Let h G = 7V((P(G),G) be an element of the configuration 
space. On one hand, the tensor (^^gy/?, belongs to ®y^Y®e&Ou\.{v)^e.- other hand, 

through the natural identification End(Ve) ^ V* ® Ve-, the tensor (^egE+ ae{h{e)) belongs to 
(2)eeE+ K* ~ (8)eeE K* ~ ®v(iN ®e(^Out(v) K* • We define, according to these identifications, 

(100) i^o^Ah) = (® aeiHe)) , (g)/, 

^ e6E+ f GV 



We call spin network on G any function on "Wq which is of the form above. We shall denote 
the set of spin networks on G by Oq. Here, the group G is understood, as well as the choice 
between real and complex representations of G. This should however not cause any confusion. 

The set is a sub-algebra of the algebra C°°{^q) of smooth observables. If the structure 
group G is a compact matrix group, then it is exactly the algebra of polynomial functions on 
'^Q, that is, the algebra of functions which map a configuration /i to a polynomial in the entries 
of the matrices {h{e) : e G E}, or equivalently to a polynomial in the entries of these matrices 
and their inverses, since h{e~^) = h{e)~^. 

We will need a variant of the definition of a spin network in which not all the pairs V* (8> 
Ve which appear in pol l are contracted. Instead, we contract all the pairs but one, which 



corresponds to a certain edge e. In order to define this properly, let us denote, for each pair 
{v,e) gY xK such that e G Out(f ), by Tr(„ g) '■ V* 0Ve ^ C the natural contraction. We thus 
have 

i^a,l{h) = ( (g) T^v,e)) ( (g) «e(/j(e)) ® (g) Y 

where the first tensor product is taken over all pairs (u, e) with e G Out(t;). Given an edge e G E, 
we now define 

: ^ End(ye) 

by setting 

= ( (g) 'I^C^.e')) ( (g) «e(/j(e)) ® (g) 

Similarly, if e\ and ei are two distinct edges, we define 

• "^G ^ End(yeJ ® End(yei) 

by not contracting the pair V*^ ® Y^^ nor the pair V*^ ® Vgi • 

We shall also need the following two definitions. Recall that Cg denotes the Casimir element 
of g, equal to Y^k=\ ^k®^k for any choice of an orthonormal basis {Xi, . . . , of 9. Thinking 
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of Cg as an element of the universal enveloping algebra U{q) of q, we can let it act on any 
representation of G. Thus, if a is a representation of G on a vector space V, we denote by a{Cg) 
the endomorphism Ylk=i Q^(^fc)^ of the other hand, Cq can also be seen as an element 

oi Q 1^ Q C h({g) 0U{q) U{q (B q) and from this point of view it is natural to let it act on any 
representation of G x G. Accordingly, if ai and 02 are two representations of G on Vi and V2 
respectively, we denote by {02 (8) ai)(Gg) the endomorphism Ylk=i o^^iXk) ai{Xk) of V2 Vi. 
We can now compute the effect on spin networks of the differential operators which we defined 
We shall use the notation Ce : End(ye) — ^ ^e'eOut{v)^^'^i^e') ^^"^ '■£1,62 : 



in Section 



6.1 



End(yeJ»End(ye2) ^ eeOut{v) End(ye) for the natural operators analogous to Lij defined by 



(21). 



Proposition 6.6. Let G = (V, E, F) be a graph. Let ijja.i '■ '^q C be a spin network. Let 
e, 61,62 G E 6e three edges issued from the same vertex v. Assume that 61 7^ 62. Choose X G q. 
The following equalities hold. Firstly, 

where I'^ = lyj for all w ^ v, and L'^ = ie{ae{X)){Ly) . Secondly, 

(101) A3,Va,/ = Try, (C,/ o ae(Gg)) = V'a,/", 

where I'^ = Lyj for all w ^ v, and I" = te(oe(Gg))(/^). Finally, 

(102) A'=2;ei^^^^ ^ TVy.^^y,^ (V'^f ^ o {a^, ® aei)(Gg)) = Va,/'", 

where I'^ = for all w ^ v and = iei,e2((oei ® Q;e2)(C'g))(/^). 
These assertions are illustrated by Figure [15] below. 




Figure 15. The first picture shows a spin network around the vertex v. The 
representations associated with the edges are not indicated explicitly. In the 
second picture, the two dots indicate that V^^^/ takes its values in V*_^ ® Ve^ ■ In 
the rightmost picture, the Casimir operator Gg acts through the representation 

aei ^ "62 • 



Proof. Let us assume that G is oriented in such a way that e G . From the definition of ip^ j 
we have, for aU 5 G G and all /i G '^^ ~ G"^^, 

TrVe (C,/ ° Oie{g)) = '4'a,i{h'), 
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where h' E G^^ has all components equal to those of /i, except for h'{e) which is given by 
h!{e) = h{e)g. Differentiating with respect to g yields the first equality. Differentiating a second 
time yields the second one. Moreover, for all X, y G g, we have 



□ 



from which we deduce the third assertion. 



Let us generalise our formulas in order to give an expression of C'^^ipa,! and A*^2;c,ei^^^^_ This 
requires a construction which is slightly unpleasant to describe verbally, but much more easily 



explained by a picture: see Figure 16 below. 



4> 







lt>c,,I 



Figure 16. As in Figure 15, we do not indicate the representations explicitly. 
In this example, the path c is constituted by two edges and crosses a vertex v 
between vi and V2- 



Let ipa,i ■ '^G — ^ C be a spin network. Let ei,e2 G E be two edges, and c G P(G) be such 
that c joins the starting point of 62 to the starting point of ei. Choose X G g. For each 
edge e G E, let and n~ be the number of times c traverses e and e~'^ respectively, and 
set a'g = Oe (8) (Og^ ® aei)*^""" ® («ei <8 OgJ'^"'' . We are adding twice as many new factors as 
the number of times c traverses e or e~^, because we are, in a sense, inserting both c and 
to the spin network. For each vertex f G V which is not ei nor 62, let be the number of 
times c visits f, and set 1'^ = ly (idy;* idv-^^)®""", seen as an element of 'S>eeOut{v) in 
such a way as to connect, for each visit of c and c~^, the incoming edge with the outcoming 
one. Then, set vi = ei and I'^^ = 1^^ ® (i^v;* ® idy^^ ® idve^- In this tensor, the 

component of 1^^ in T4i is now seen as a part of the component associated to the last edge of c, 
the n^^ — 1 factors idy ® idy. connect the incoming and outcoming strands of c at each visit 
except the last, and the last factor id\4^ connects the last edge of c to ei. Finally, set V2 = 62 
and = ® (idv;* ® idvi^ )'Si("u2~i) ^ (^), in which the interpretation of 1^2 is unchanged, 
the middle factor connects the strands of c, and c~^, at each of their visits but the first, and 
aei {X) belongs to the I4* ® V^^ part of the representation attached to the first edge of c. 
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Let us also define a" = a', and /" = /(, for all v ^ V2. For u = z;2, we set /"^ = Ce2{Iv2 <Xi 
(idv;* <Si idve^ (o^ei (8 ae2)(Cg)), where is the contraction of the factor of 

and the Vg* factor of (ae^ (8) ae2)(C'g)- 

We leave the details of the proof of the following proposition to the reader. 

Proposition 6.7. Let G = (V, E,F) be a graph. Let ip^j : C be a spin network. Let 

ei, 62 G IE 6e two edges, and c £ P(G) be such that c joins the starting point of e2 to the starting 
point of ei. Choose X £ q. The following equalities hold: 

C-''x'^a,i = Try^ (V'a,/ o ae{kd{h{c))X)) = Ipa'J', 

(103) A^^^^'^^V^a,/ = Try,,®y., (CT ° («e2 ® «ei)(K ® Ad(/l(c) )] Cg)) = Va",/"- 

Let us now apply Corollary |6.5| to spin networks. 

Proposition 6.8. Let G = (V,E,F) be a graph. Let G be a compact connected Lie group. For 

each bounded face F of G, there exists a second-order differential operator Lp on which 
stabilises and such that for all G Oc, and all t G (M^)''''', the following relation holds: 



d\F 



Proof. Corollary 6.5 provides us with an expression of the left-hand side which is of t he f orm 
Eyiv|g[LfV']) where Li? is a second-order differential operator on '^q. Propositions 



ensure that this differential operator preserves the algebra 0(q. 



6.6 



and 



6.7 



This proposition may give some indication about the nature of what could be called the 
infinitesimal generator of the Yang-Mills measure, by analogy with the classical theory of Markov 
process, and with the role of time played by area. However, this has yet to be given a consistent 
and substantial form. The operators Lp themselves would deserve a more detailed study, which 
we do not offer in the present work. 



6.5. Analyticity of the expectations of spin networks. As explained in Section 6.3 we are 
going to consider several classes of observables: Wilson loops, Wilson skeins, Wilson garlands. 
They are all contained in the class of spin networks, and we continue in the present section to 
work with spin networks. We establish two results. The first is a result of analyticity of the 
expectation of a spin network with respect to the areas of the faces. The second, which is a 
consequence of the first, provides us with what will serve as an initial condition in the resolution 
of the differential system which we are going to write down in the next sections. 

Proposition 6.9. Let G = (V, E,F) be a graph on M?. Let G be a compact connected Lie group. 
Let xpa,l ■.'rfS^Cbe a spin network. The mapping {RXf C defined by t ^ Ey^4xpa,i] 

is the restriction of an entire function defined on C^'' . More precisely, this function is a linear 
combination of functions of the form t i— )• exp (X^FeF'' ^^F^i-^)) > where the coefficients cp are 
values of the Casimir operator of Q in certain irreducible representations ofG. 

The proof of this result relies crucially on the fact that the graph which we consider is drawn 
on the plane, and therefore has an unbounded face. There is no reason to expect that such a 
simple result should hold on a compact surface without boundary. 

As a preparation for the proof, let us review the orthogonality properties of spin networks. 
Let G denote the set of isomorphism classes of irreducible complex representations of G. Let 
us choose a representation p : G ^ GL(yp) in each class, and identify the representation p with 
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its class in G. Let us endow Vp with a G-invariant Hermitian scalar product. Any finite tensor 
product of the spaces Vp is thus endowed with a Hermitian structure. 

Let us use the notation G^^^i = {/? e : Ve G E,/3e-i = /3^}. The orthogonality properties 
of spin networks are entirely expressed by the fact, which is a generalisation of the Peter- Weyl 
theorem, that the mapping 




(104) [®Jl]^ ^P.J^ 

is an isometry with dense range. Any square-integrable function on can thus be expanded 
in a Fourier series indexed by G^'^) and of which the coefficients are the tensors ^^^y '^^ ■ 
Spin networks for which the representation attached to each edge of G is irreducible are called 



irreducible spin networks. The right-hand side of ( 104 ) is a sum of such irreducible spin networks. 

We want to compute the expectation of a spin network under the Yang-Mills measure, which 
is the integral with respect to the uniform measure on the configuration space of the product of 
this spin network and the density of the Yang-Mills measure. Let us make two remarks. 

Firstly, the constant function on equal to 1 is a spin network, namely the spin network 
"01,1 where Ig is the trivial representation for each edge e, acting on the complex vector space 
C, and 1 is just the complex number 1 seen as an element of (^,„£y 'S)eeOut{v) C ~ C. Hence, 
integrating a function over the configuration space amounts to extracting its Fourier coefficient 
corresponding to this particular spin network V'l,!- 

Secondly, in order to integrate a product of functions, we need to understand the structure 
of algebra of the vector space of spin networks. This structure is governed by the plethysm of 
G, that is, the particular way in which the tensor product of two irreducible representations 
splits as a sum of irreducible representations. Given two representations pi and p2 of G, not 
necessarily irreducible, and for each irreducible representation vr, let Pp^^p^ be the orthogonal 
projection of Vp-^ Vp^ onto its vr-isotypical component, and let {pi ® P2Y = Pp^^p2 ° {Pi ® P2) 
be the corresponding vr-isotypical sub-representation. Consider two spin networks ipai,ii and 

V'a2,/2- -l^or each /3 G G^^\ let us denote by (ai 02)^ the family ((ai^e CK2,e)^'')eeE) and let us 
set 

<,a2=(2) (8) <%,a2,ee(8) (g) EndG(Kv,,®F„,J. 

DeVeeOut(ii) i'eVeeOut{D) 
Then the Fourier series of the product tpai,ii'4'a2,i2 reads 

The right-hand side of this equality is indeed a series of irreducible spin networks, for the 
representations (ai (8> 02)^5 although not irreducible, are isotypical, so that for each /3, the spin 
network '^(^^^^(^^^y pis (/j^/a) ^qual to tp/s^j, for some J which we do not need to compute 
explicitly. 

For our present purposes, the most important consequence of these two observations is that 
two spin networks V'ai./i and ipa2,i2 are orthogonal with respect to the uniform measure as soon 
as P^^ ^2 = 0) regardless of Ii and l2- Moreover, for this equality to hold it suffices that for one 
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single edge e the representation ai^e "X" 02, e does not contain a copy of the trivial representation. 
We can now turn to the proof of Proposition |6.9[ 



Proof of Proposition \6.9[ Let us start by expanding the density of the Yang-Mills measure into 
a Fourier series of the form (104). For each p G G, let Cp denote the scalar by which the Casimir 



operator of g acts on Vp, that is, the complex number such that p(Cg) = Cpidvp- This number 
is in fact real and non-positive. Let us also denote by Xp : C — )■ C the character of p. The heat 
kernel Qt on G can be expressed as the sum of the series 

Qt = Y^y2-p'dim{Vp)xp. 

Let 7 = {'jF)Fe¥^ S be the data of one irreducible representation of G for each bounded 
face of the graph G. Recall that denotes the unbounded face of G and set 'jp^ equal to 
the trivial representation of G. For each edge e of G, let us denote respectively by F^{e) and 
F^{e) the faces of G located on the left and on the right of e. Note that F^{e) and F^{e) can 
be equal. Let us define /3(7) G G*^'^) by setting, for each edge e S E, /3(7)e = lF'-{e) ® (7F«(e))^- 
At each vertex of G, the outcoming edges are cyclically ordered by the orientation of (see 
[251 Lemma 1.3.16] for a proof of this intuitively obvious fact), and each pair of neighbouring 
edges in this cyclic order determines a face of G, of which we say that it is adjacent to v. For 
each vertex v, let us define Jv^'^^ = (S^i^y^^, where the tensor product is taken over all faces 
adjacent to v. Then for each assignment t : — t- M*^ of a positive real number to each bounded 
face of G, we have for all h G the equality 

(105) n Qti,F){h{dF)) = [W e^'^-^*^^^dim(7p) j (/i), 

which is the Fourier expansion of the density of the Yang-Mills measure. 

Let us now consider an arbitrary spin network V'o,/- Our main claim is that the spin networks 
V'o,/ and j/3(7) are orthogonal in L^('if^, dh) for all but a finite number of 7 in the set G"^' 
We will in fact prove that P^ or \ = for all but a finite number of 7. 



lb 



a,/3{7) 

Let us recall the notation of Section 



4.3 



and consider a spanning tree T of the dual graph of 
G. This spanning tree is rooted at the unbounded face Fqo of G. Let F be a bounded face of G. 
We will prove by induction on the graph distance in T between F and F^o that there are only 
finitely many vr € G for which there exists 7 E G^^ such that 7^? = vr and -P^^(^) 7^ 0. 

It is in the initialisation of this induction argument that we benefit from the presence of the 
unbounded face. Indeed, let us consider a face F which is adjacent to the unbounded face. Let e 
be an edge such that F^{e) = F^o and F^{e) = F. For all 7 S G^^ , we have /3(7)e = 7f- We can 
then have 7^ only if Ue ® /3(7)e = Oe ^X" 7f contains a copy of the trivial representation, 

and this happens if and only if 7_p is an irreducible sub- representation of a^. Since there are 
finitely many irreducible sub-representations in any finite-dimensional representation of G, the 
property is proved under the assumption dj{F, Fqo) = 1- 

Let us assume that for some n > 2, the property has been proved for all faces F such that 
dj{F, Foo) < n — 1 and let us consider a face F at a distance n from the unbounded face. There 
exists a face F' adjacent to F which is at a distance n — 1 from the unbounded face. Let it' be 
one of the finitely many irreducible representations of G such that there exists 7 G G^*" such that 
7j7" = it' and -P^^^^,^ 7^ 0. The assertion which we are trying to prove for F will follow from the 
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fact that there are only finitely many vr G G such that there exists 7 G satisfying 7^? = vr, 
^pi = vr' and fi(^i\ 7^ 0. Indeed, let e be an edge such that F^{e) = F and F^{e) = F' . If 7 



TT® (vr')^ contains a copy of the trivial representation 



a,/3{7') 

satisfies the last three conditions, then Og 
of G. Hence, tt is a sub-representation of (8) vr', and this restricts vr to a finite subset of G. 
This concludes the inductive argument. 

It follows from our main claim that in the computation of the expectation of any particular 
spin network tpaj with respect to the Yang-Mills measure, only finitely many terms of the right- 
hand side of (105) contribute. The result of the integration is thus a linear combination of 
functions of the form 1 1— )• exp (| X^FeF'' '^if^{P))i ^ expected. □ 

Since we presented this result of analyticity as a help for dealing with boundary conditions, 
it is only fair that we give a precise statement about the limit of the expected value of a spin 
network under the measure YM^ as t tends to 0. We shall do this for spin networks which are 
invariant under the action of the gauge group. Let us indicate in general how the gauge group 
acts on spin networks. Let Va,/ be a spin network. Let j E G*^ be an element of the gauge 
group. Then for all /i G <r^, 

(j • ^a,i){h) = ^a,i{r^ • ^) = ( (8) ae{j{e))ae{h{e))ae{j{er^) , (g)/. 



ae{h{e)) 

eeE+ veY 



eeOut{v) 



It follows that a spin network ipa,! is invariant as soon as Iv is an invariant tensor for each vertex 
V. Moreover, by averaging the Fourier expansion of an invariant square-integrable observable 
under the action of the gauge group, one checks that any such observable admits an invariant 



Fourier expansion. In other words, the restriction of (104) to invariant tensors on the left-hand 



side and to invariant square-integrable observables on the right-hand side is also an isometry 
with dense range. 

Let us turn to the computation of the expectation of an invariant spin network at t = 0. Let 
us denote by 1 the element of the configuration space which is defined by 1(c) = 1, the unit 
element of G, for each path c. This notation conflicts with other uses of the symbol 1 in the 
present section, but this should not cause any confusion. 



Proposition 6.10. With the notation of Proposition 6.9. and if il^aj is an invariant spin net- 
work, then the value at t = {0, . . . ,0) of the mapping 1 1— )■ Eyiyc [■f/'a,/] is ipaji^)- 



This proposition follows at once from Proposition 6.9 and the following lemma. 
Lemma 6.11. Let f : 'Ioq he a smooth invariant observable. Then 



limE. 



YM?[/] =/(!)• 



Proof. By Proposition 4.5 and since / is invariant. 



E. 



Af\ = 1^ f{{9F ■■ F G F^},{1 : e G T+}) J] QtiF){9F) dgp 



Using the fact that the measure Qs{g) dg converges weakly on G, as s tends to 0, to the Dirac 
mass at 1, we find the desired result. □ 
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6.6. Area derivatives of Wilson loops I: examples. Wilson loops are a particular case of 



spin networks, so that the results of Section 6.4 tell us how the differential operators introduced 



in Section 6.1 act on them. However, we want to interpret (102) and (103) very concretely when 



the group G is one of the groups U(A^, K) which we studied in the first part of this work, and 
ultimately to understand geometrically the right-hand side of ( 99 ) . 

Let us start by giving a formal definition of Wilson loops. Let G be a graph, / S L(G) a loop, 
X : G — >■ C a conjugation-invariant function. The Wilson loop associated to this data is the 
invariant observable W^^i : — )■ C defined by 

w^^i{h) = xm)). 

When G is a matrix group, the function x is often taken to be the normalised trace, or the real 
part of the normalised trace in the case of a quaternionic group. More precisely, if K G {M, C, H} 
then we define W, 



K,Ar 
I 



''\J{N,K) ^ C by setting 
■ i V'^) =tr(/i(0) if IKg {M,C}, and = Ktr(/i(0). 

It is straightforward to check that Wilson loops are invariant observables, in the sense that they 
are invariant under the action of the gauge group. 

Before we start developing a general treatment of expectations of Wilson loops, let us study 
a few simple examples. This will serve as a motivation and an illustration for the content of the 
next two sections. 

Example 6.12. The simplest example is that of a loop / which goes once around a circle of 
area t (see the left half of Figure [Tt] below) . The graph G; has a single vertex v and a single 
unoriented edge {e,e^^}. 




Figure 17. The simplest elementary loop. 

Let us express the Wilson loop wf''^ as a spin network. To this end, let us denote by nat the 
natural representation of U(A^, K), by which we mean the inclusion in GLjv(]K) if K E {M, C}, or 
the mapping i : \J{N, M) — )• GL2Ar(C) defined in Section 2.1 if K = H. The natural representation 
acts thus on R^, or C^^, depending on the value of K. Let us denote, in all three cases, by 
id the identity of this space. Let us finally define ae = nat and 1^ = id. Then the spin network 
V'a,/ is equal to NW^'^ if K E {M, C} and to 2NW^'^ if 
case 



. Equation (95) yields in this 



A. 
dt 



[Wi] = ^Et [A'Wi] = [A>,,,] 



where 



1 



1 



2jy must be replaced by 
simplified notati 

in the Wilson loop W/. 



in the quaternionic case. For the sake of clarity, we are using 



here a simplified notation where Et means ^y^f^i and the superscripts K and N are understood 



~ G^'^\ and thanks 



Equation (101) allows us to compute A'^ipc^ j. We have, for all h E ' 
to Lemma [l.2| 

A^il^oc,i{h) = Tr(nat(/i(e))nat(C„(^_K))) = Tr(nat(/i(e))c„(;v,K)) = Cu{jv,K)V'«,/(/i). 
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Hence, we find 



dt 



Et [Wi] 



Cu(JV,K)IEt [Wi] 



By Proposition 6.10, we know tliat Eo[VF;] = 1. Hence, we finally find 

Et [Wi] = e5^"(^«. 

In particular, since Cu(^k) tends to —1 as tends to infinity, we have ^>(/) = e~2. 

Example 6.13. Let us now consider the next simplest example. We consider the loop / depicted 



in the left part of Figure 18 below. 






Figure 18. The second simplest elementary loop and the loops which arise in 
the area derivatives of the expectation of the corresponding Wilson loop. 

There are now two unoriented edges ei and 62, and still a single vertex v. Let us define 
aei = = i^st. Then, let us define 1^ € V*^ ® V*^ ® Ve^ (E> Ve^ — End(Vei ® ^62) as the exchange 
of the factors, that is, l^ixx^X'i) = X2®x\. Then, as in the previous example, the spin network 



V'a,/ is equal to NWf'^ if K G {M, C} and to INW^^''^ if K = M. The expectation Ej[W,] is 
a function of the two variables (ti,t2) = (i(-f'i)) ^(-^2))- We know by Proposition 6.10 that the 
value at (0,0) of this function is 1. By an argument similar to the one we used in the previous 
example, we find 

dt.^t \Wi\ = \c,^N,K)^t [Wi] . 



K.JV 



In order to compute the partial derivative with respect to t2, we apply Proposition 6.4 with the 
sequence of faces F2,Fi,Foo and the sequence of edges e2^,e^^. We find 

1 



{dt,-dt,)Et [Wi]=Et 



The same computation as before yields A'^^Wi = Ci^(n,k)Wi. Then, using (102), we find 

A'^i'^'^V^a,/ = Ttv.^^v.^ (/ o nat (g> nat(/i(ei) h{e2) o C^i^n,k))) ■ 
Using, depending on the value of K, one of the formulas which we have established on the Casimir 



operator (see (15), (38), (47), ( |44[ ), Lemma 2.6), we find that the right-hand side is a linear 
combination of Tr(nat(/i(ei)))Tr(nat(/i(e2))) and Tr(nat(/i(eie2 "'^))). Hence, with the notation 
of Figure 18 above, the partial derivative with respect to t2 of E([l^i] is a linear combination of 
Et[W^] and Et[W//W///]. More explicitly, we have 

r -Et [WvWi>>] + j^Et [W^] if K = M, 
(106) {dt, - c^(iv,K)) Et [Wi] = { -Et [WvWin] if K = C, 

[ -Et [WvWin] + ^Et [W-^ if K = M. 

The loop / is essentially a simple loop enclosing the union of the faces Fi and F2. Thus, from 

*l+*2 . 



our study of the first example, we know that E^ [W^] = e~ 



'-u(JV,I 



' . However, we must compute 
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[W//W;'/], and for this we must start from the beginning again. The product Wi'Win is equal 
to the spin network -^ipa,j, where a is as above and = idvi ^ idv2- quaternionic case, 

must of course be replaced by The same computation as we did for ipa.i, involving the 
equality 

^""^'"^il^aj = Trv,^cg,v,^natO nat(/i(ei) O h{e2) o C^(^n,k)), 
gives us a second differential equation, namely 

r - ^Et [Wi] + ^Et [Wj] if K = R, 
(107) {dt, - c^(^,K)) Et [W,Wi.] = 1 -^Et [Wi] if IC = C, 

[ -^Et [Wi] + j^Et [W^] if K = H. 

For each value of K, the system formed by ( 106| ) and (107) can now easily be solved. For 
example, in the real case, we find 



Et 



W 



e 2 



( cosh 



N 



N sinh 



N 



+ 



3N -1 



eV2 2N J 



The symplectic expression is formally given by the equality 



E, 



N 



Et 



-2N 



Finally, in the complex case, the expression is simpler, as we have 



Et 



W 



e 2 



cosh 



sinh ■ 



N N , 

By letting N tend to infinity in either of these expressions, we find = e~2~*(l — t). 
Example 6.14. Let us consider as a third and slightly more complicated example the loop I 



depicted in the left half of Figure 19 below 






Figure 19. A third example of elementary loop and some of the loops which 
arise in the area derivatives of the expectation of the corresponding Wilson loop. 



We set = a, 



62 



a, 



63 



a, 



Jv2 '■ ^2 



nat, and let both J^,^ : Ve^ 14i and 
— )■ Ve^ (SD Veg be the exchange of the two factors. Then ^pa,J is equal to NWi if 



64 



K G {M, C} and 2NWi if : 



By the same reasoning as in the other examples, we find 



dt.Et [Wi] = lEt[A''Wi] 



MN,K)^t [Wi] . 



Corollary 6.5 applied to the sequence of faces F2, Fi, Fqo yields 



1 



dtMWi] = -Et[A^^ Wi + A'^ Wi]+Et[A'^ '"^ Wi]. 



Applied to the sequence of faces F3, Fi,Foo, it yields 



dt,Et[Wi] = he^tlA^'Wi + A^i" V/] + Et[A'^i '■^'^''''^Wi]. 
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Using (102) as we did in the previous example, we find that A*^* Wi is a linear combination 



of Wi'Wi" and Wj, where the notation is that of Figure 19 More precisely, we find that (106) 
holds without a change in the present situation. 

What is new in this example is that we need to use (103) in order to compute A^^i '^i '^^Wi. 
A glance at Figures 16 and [20| may be helpful at this point. With the notation of Figure 20, we 
find 



(108) 



't3 



Su(Af,K) 



) Et [Wi] 



-j^Et[W^J+Er[W,Wi.] if: 

-j^MWi^] if: 

^Et[Wj^]+Er[Wi>Wi>>] if: 




Figure 20. The left-hand side of this picture shows how (103) applies in the 



present context. The white box represents, as on Figure 16, the Casimir operator 



of u(A^, K). The two other pictures show the loops which arise in (?t3Ej[py;]. Note 
that the edge 64 is traversed more than once by these loops. 

At this point, this example appears less promising that the other two which we studied. 
In order to compute Et[W/], we have to establish differential relations involving W^^, W/^ and 
Wi'^ and this will produce new products of Wilson loops of which we will need to compute the 
expectations as well. We shall prove that it is possible to do this in such a way as to produce a 
closed differential system involving products of only finitely many Wilson loops, one of which is 



Wi (see Proposition 6.19). We shall however not finish the present computation for the moment. 



In the next two sections, we systematise the operations which we were led to apply in the 
three examples which we have studied. For the sake of clarity, we introduce the formalism in 
two steps, which correspond to the two levels of complexity illustrated by Examples 6.13 and 



6.14 respectively. These two steps occupy Sections |6.7| and 6.8 respectively. 



6.7. Area derivatives of Wilson loops II: Wilson skeins. Let us call skein a finite collection 
S = {li,...,lr} of elementary loops (see Section 5.3) such that there exists a graph whose 
skeleton is the union of the ranges of li, . . . ,lr and such that in each pair formed by one edge 



and its inverse, one edge is traversed exactly once by exactly one of the loops /i, 
other edge is not traversed by any of the loops li, . . . ,lr- 



, L, and the 



The proof of Lemma 5.7 extends to skeins and for each skein S there exists a graph Gs which 
is the least fine graph on which all the loops of S can be traced. 

To each skein S = {h, . . . ,lr} traced in a graph G we associate the observable 

O tl Ir 

on the configuration space '^u(7V K) ' ^^'^ ^^^^ observable a Wilson skein. 

Let S = {/i, . . . ,lr} be a skein and set G = Gs- The set of edges traversed by the loops 
of S is an orientation of G which we denote by E+ = {ei, . . . , e„}. The skein S determines a 
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permutation of E^, which to each edge e associates the edge traversed immediately after e by 
the unique loop of S which traverses e. We denote this permutation by Xg. The cycles of 
are naturally in bijection with the elements of S. Through the labelling of which we have 
chosen, we identify it with the set {1, . . . ,n}, and Xs with an element of the symmetric group 

©n. 

Recall the notation of Sections 2.5 and 2.7, in particular the definitions of the morphisms /9k 
(see (|48])). 

Lemma 6.15. With the notation above, the Wilson skein VF?'^ can be written as follows: for 



each h G <fu(Ar,K)' 

w''-^(h) = i ^"'1^''"(/'K(A5)o%i)0...0/i(e„)) ifK = Ror^ 

^ ^ 5 i J I (-2iV)-'^(-25?TY)®"(pH(A5)o/i(ei)»...0/i(e„)) if K = m. 



Proof. According to the formula (44), we have, in the real and complex cases, 

N-^Tr^^ipK{Xs)ohiei)C^...^h{en))= J] tr(/i(eij . . . Men))- 

{il...is)^\s 

Observe that, since Xs is a permutation, the signs ei, . . . , e„ are all equal to 1. Now, each cycle 
{ii .. .is) of Xs corresponds to a loop e^j . . • Cj^ of 5 and the multiplicativity of h (recall ([78])) 
reads h{ei^) . . . h{ei^) = h{ei^ . . .CiJ. Thus, the right-hand side of the equality above is exactly 



W^'^{h). In the quaternionic case, we apply Lemma 



2.6 



and use the same argument. □ 



Let us define two operations on skeins, analogous to the operations Sij and Fij which we 
defined on the Brauer algebra in Section 3.4 Let S = {h, . . . , Zr} be a skein. Let ei and 62 be 
two edges of Gs issued from the same vertex. Let us assume that ei and 62 belong to E+. We 
can assume that ei is traversed by the loop h. Let us first assume that 62 is also traversed by 
li, and that li traverses ei before 62. We can write li = aeibe2C, where a,b,c are paths in G. 
Let us define I'l = eib, l'( = e2ca and li = eib{e2ca)~^ . These are elementary loops in Gs- We 
define 

S'^'''{S) = {l[,l';,l2,...,lr} and F^^'''{S) = {h,l2,...,lr}. 
If h traverses 62 before d, we set 5"=2;ei(5) = S^'^'^'^S) and F''^'''^{S) = F''^'''^{S). 

In the case where 62 is not traversed by /i, we may assume that it is traversed by I2. Let us 
write the loops as li = aeib and I2 = ce2d, where a,b,c,d are paths. We define I' = eibae2dc 
and / = eiba{e2dc)~^ , and set 

S^^-^'''{S) = {l',h,...,lr} and F^''''{S) = {!,h,...,lr}- 

One checks easily that in all cases, 5"^^'^^ (5) and F^'^'^'^(S) are skeins traced on the graph Gs- 

The following proposition shows that the vector space of smooth complex- valued functions on 
^^^j^^^ spanned by Wilson skeins is stable under the action of the operators A^^ and A^2;ei^ 

Proposition 6.16. Let S be a skein. Set G = Gs- Let E^ be the orientation of G induced by 
S. Let 61,62 be two distinct edges of G issued from the same vertex v. The following properties 
hold, with the superscripts K., understood for each Wilson skein. 

1. ^'^Ws = C^iN,K)Ws. 

2. A^2'^iW5 = A^i'"2W5. 

3. Ifei i E+, then Xs{e^^) G Out(?;) nE+ and A^2;ei^^ ^ _i^e2-M(e^^)Ws. 

4. Let us assume that ei and 62 belong to E+. If ei and 62 are traversed by the same loop of 
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Figure 21. The operations S^'^'^'^ and F^2;ei understood as acting locally 

at the common origin of ei and 62- From this point of view, the fact that ei and 
62 are on the same loop or not does not matter. The only difference is, in the case 
of the operation _F^2;ei^ direction in which the lower strand is traversed. In 
fact, in this case, the orientation of the loop / itself is arbitrary. We chose to let it 
traverse ei positively, but the other choice would not make any difference, since 
this operation is used only in the real and quaternionic cases, where a Wilson 
loop is not altered by changing the loop into its inverse. 



S, then 



-w, 



2^PFpe2;<=l(5) 



if K = R, 
if K = C, 
if K = M. 



If, on the contrary, ei and 62 are traversed by distinct loops of S, then 

ifK-- 



e2;ei 



Ws 



-W. 



c, 



Proof. 1. The easiest way to derive this relation is to start from (109) and to use the definition 
of Cu(jv,K) given by (16). In the orthogonal case for example, we have, for all h € '^u(ArR)' 



with d = ^\ 



^ dt^ |t=o 

Cu(Af,I 



2. For all X,Y ^ g, the operators C-^ and Cy commute. The equality follows immediately. 

3. Let us assume that ei ^ E+. Let us consider h G "^uCAfK)' Then W^'^{h), according to 

its initial definition, is a product of traces, one of which involves /i(e^^) and h{Xs{e^^)). Thus, 
for all X G g and thanks to (91 ), we have 

C^^Wf'^'ih) = ... 1 ^^^tr(/.(A5(er^))e-*^Mer') •••)••• 



or the same with tr replaced by SRtr if K = H. This implies the desired equality. 

4. The enumeration of E"*" which we have chosen here does not play any particular role, and 
we may assume that it is compatible with our choice of the edges ei and 62 . Using the definition 
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of the operator A'^^''^^, we find, in close analogy with (60), 

rK,N 



A 



e2;ei 



iV-^TV««(ti,2(C,(;v,K)) o pKiXs) o hiei) ® . . . C3 Ker)) 



if K = M or C, and 



5 - (-27V)-'-(-2KTV)«"(/,i,2(C^(7V,H)) o Ph(A5) o /i(ei) 0...^ /i(e,)) 

if K = H. Note that the operator multiplies h{ei) on the right by X, so that ^(A^) is 
multiplied by ''i,2(C'u(Af,H)) on the left. Note also that these relations could be seen as instances 
of (p2l). 



Thanks to the expressions (14), (15), (38) and ( |47[ ) of the Casimir operators, we know that 

r -pm(12) + pm(12) ifK = R, 
NiiMCn(N,K)) = { -Pc(12) iflC = C, 

[ ipH(12)-ipe(12) iflC = H. 

Since the mappings are homomorphisms of algebra, we can perform the computation easily. 
If K = C, then 

'-i,2(Cu(Ar,c))/'c(A5) = -^Pc((ei e2)Xs) 



N' 



One verifies easily that (ei 62) Xs 



As"=2iei(5). Thus, 



C.N 



-iV"'''"'Tr®"(pc(As=2;ei(5)) o h{ei) ... /i(e,)). 



If ei and 62 are traversed by the same loop, then the skein S"^^'^^(5) contains r + 1 loops and 
the right-hand side is equal to ~'^s^2;<=2[s)' ^1 ^2 are traversed by different loops, then 
S^^'''^^{S) contains r — 1 loops and the right-hand side is equal to —N~'^W'^e^^e2^gy both cases, 
this is the desired equality. 
If K = M, then 



'^l,2{Cu(N,R))PM.{Xs) 



~PR{{ei e2)Xs) + j^Pmiiei e2)Xs) 



The first term can be treated as in the complex case. For the second term, using (44), we find 



that for aU /i G A^-'^Tr®"(pK((ei e2)A5) o /i(ei) ( 



)h{en)) is equal either to 



if ei and 62 are traversed by the same loop of S, or to jrW 



Finally, if K = M, then 

''l,2{^'u(N,R))PmiXs) 



N "F<=2;<!i(5) 



(h) if they are not. 



Lemma 2.6 allows us to conclude the proof as in the orthogonal case. 



□ 



6.8. Area derivatives of Wilson loops III: Wilson garlands. Proposition 6.16 shows 
among other things that the space of observables spanned linearly by Wilson loops is not stable 
under the action of the differential operators A^^'^^^. This justifies a posteriori the fact that we 



introduced Wilson skeins. Unfortunately, our fundamental derivation formula (94) involves not 



only these operators but the operators A'^^ic.ei^ Wilson skeins form a class of observables which 
is not stable under the action of these more general operators. This is why we need to enlarge 
a second time the class of observables which we consider, and define Wilson garlands. This will 
fortunately be the last enlargement. 

Let G be a graph. Let T C E be a spanning tree of G. We say that a collection of reduced 
loops ^ = {^1, ...,?,.} on G is a garland on G with respect to T, or a garland on (G, T), if in each 
pair {e, e~^} of edges contained in E \ T, exactly one edge is traversed exactly once by exactly 
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one of the loops li, . . . ,lr. The edges of T, on the other hand, can be traversed many times and 
by more than one loop. 

Given a garland, there exists a least fine graph on which it can be traced. However, the 
garland does not necessarily determine a spanning tree on this graph. For example, if 5 is a 
skein, then it is a garland on with respect to any spanning tree of G5. 

Given a garland Q = {li, . . . ,lr} on (G,T), we naturally define the Wilson garland W^g : 
'^ViN,K) ^ C by W§^g = W§^i^ . . . W^^i^ . 

The definition of the permutation A5 which we associated to a skein S can be extended to the 
case of garlands. Let G = {li, . . . , Ir} be a garland on (G, T). The set of edges which are not in 
T and which are traversed by the loops of G form a partial orientation (E \ T)"*" of G. Besides, 
the order in which the loops of Q traverse the edges of (E \ T)+ determines a permutation Xg of 
(E \ T)"*" and we claim that this permutation suffices to determine the Wilson garland W^g. 

The most natural way to prove this claim involves the gauge invariance of Wilson loops. We 
mentioned already that Wilson loops are invariant observables, and it follows immediately that 
Wilson skeins and Wilson garlands are also invariant functions on "Wq. 

Let (cii . . . ej^) be the cycle of Xg corresponding to the loop h. Write li = cci^d, with c and 
d two appropriate paths. Then c~^lic = ei^dc is equivalent to the loop 



jTev[ei^,eijT- 



Hence, for each configuration h S ''^u(AfK)' have 



Wli,{h) = Wli^ihj ■ h) = tr((j,,T • h){e,^) . . . (i,,T • h){e^,)), 



where jh j is the gauge transformation defined by ( 84 ) . It follows that 
(110) 

y^,K ^ ^ f iV-'^Tr®"(pK(Ag) o • h){ei) . . . » {jh,T ■ /i)(e„)) if K = M or C, 

> \ (_2iV)--(-2KTr)®"(pe(Ag)o(j;,,T-/i)(ei)®...0(XT-/i)(en)) if K = M, 



which is for garlands what ( |109 ) was for skeins and gives us an explicit formula for W^g in 
terms of the permutation Xg. 



In order to state a result similar to Proposition 6.161 , let us extend the operations S and F 



to garlands. Let G = {h, . . . ,lr} he a garland on (G, T). Let ei and 62 be two edges of G. Let 
c be a path in T which joins the starting point of 62 to the starting point of ei. Let us assume 
that ei and 62 belong to (E \ T)+, and that ei is traversed by the loop h. Let us first treat 
the case where 62 is also traversed by ^i, and traverses ei before traversing 62. We can write 
^1 = aeibe2d, where a, b, d are paths in G. Let us define I'l, l'{ and h respectively as the reduced 



loops equivalent to ei6c, e2dac ^ and eibc{e2da) (see Figure 22 below). We define 



Se2;c,e,^g^ = Z^, . . . , and ^ ^i^j^^ 

If li traverses 62 before ei, then / = ae2beid for some paths a,b,d. We define l[, l'( and li as 
the reduced loops equivalent to eidac, e2bc~^ and eidac{e2b)~^ c respectively and use the same 
definition as above for 5'^2''=''^i(g) and (g). 

Finally, if 62 is not traversed by h , we may assume that it is traversed by I2 ■ Let us write the 
loops as li = aeib and I2 = ^62/, where a,b,d,f are paths. We define /' and / as the reduced 
loops equivalent to eibac~^e2fdc and eibac~^{e2fd)~^c respectively, and set 

One checks easily in all cases that S^'^''^''^^ (Q) and F^2;c,ei ^g-j ^^.^ g^j^j garlands on (G,T). 
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Figure 22. The paths involved in the definition of S"'2;^'^i(g) and F'^^'^^'^i (a), 
in the three successive cases which we considered. The basepoints of loops are 
indicated by a white vertex. 



We can now prove that the linear space of smooth complex- valued functions on lo^f^^^ 
spanned by the Wilson garlands with respect to a given spanning tree T is stable under the 
action of the operators A^2;c,ei^ where e\ and 62 are edges of E \ T and c is a path in T. 

Proposition 6.17. Let G be a graph and T a spanning tree ofG. Let Q be a garland on (G,T). 
Let (E \ T)+ be the partial orientation of G induced by Q. Let 61,62 be two distinct edges of 
E\T. Let c be a path in T from the starting point 0/62 to the stating point of ei. The following 
properties hold. 

1. Ifei i (E\T)+, then Ag(e^^) G (E\T)+. Moreover, A^2;c,ei|yK^ = - M^^i^))w^ , 
where c' = c[ei, Ag(6^"'^)]T- 

2. Ife2 i (E\T)+, thenXgieq^) G (E\T)+. Moreover, A^2;c,ei^K^ ^ _A(^e(^2"'))(':".ei)^K^^ 
where c" = [Ag(e^^), e2]TC. 

3. Let us assume that 61 and 62 belong to (E\T)"'". The fourth assertion of Proposition 6.16 
holds after substituting everywhere W^^g by W^^g, A^^''^^ by A'=2;c,ei^ ^-eaiei ge2;c,e^ and F''^'''^ 

l)y ]7<^2;c,ei _ 



Proof. Let us use (110) to prove the first assertion. Let us assume that 61 ^ (E \ T)'^. We 
proceed as in the proof of the third assertion of Proposition 6.16, and use moreover the fact, 
granted by Lemma 6.2, that all the functions which we consider are invariant. Let h be an 
element of the configuration space ^u(iv K) • have 

= . . . ^ tri{jh,T ■ /i)(Ag(6r^))6-*A<i«^'^.-'^)W)^(i,,T • h)ie^') ...).... 
at\t=o 

Since c and c' are paths in T, we have {jh,T • h){c) = {jh,T • h){c') = Lj\f. Hence, 

^Tw^,gUH,T ■ h) = /:'t[(2,,..)(.o)x<,eO-/^,T • h) 

The proof of the second assertion is very similar. 

The proof of the third assertion is an adaptation of the proof of the fourth assertion of 
Proposition 6.16, To start with, if IC G {M, C}, then 

(111) A'^^^^'^Wj^^g = iV--Tr®«(.i,2 ((Ad(/i(c)) id,)C,^N^^)) o ^^(Ag) o hie,) ® . . . ® /i(e,)), 

and the same formula holds with the usual replacement of /^^^''Tr®" by (— 2A^)^''(5iTr)®" if 
K = H. This equality can be proved directly from the definition or as a consequence of (103). 
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In order to compute the right-hand side, we write it in a way which allows us to use directly 
the computations which we made in the proof of Proposition 6.16 Recall from ( 55 ) the definition 
of the operations Of^ of left and right multiplication. We will use two simple identities. The first 
is valid for any M G Mn{K)^^ and writes 

ii,2 ((Ad(/i(c)) » idg)C,(;v,K)) o M = e+{h{c)) ■ [^i,2(C,(^,K)) o {9+{h{c)-^) ■ M)] , 

where we recall that the symbol o denotes the multiplication in the algebra Mjv(]K)®". The 
second identity, which holds for all permutation a £ 6„ and all X £ Mjv(]K), is 

etiX) . (pk(^) o M) = pKia) o • m) . 

Applying the first identity to M = PKi'^g) ° h{ei)(d ■ ■ - h{er), then the second identity to i = 1, 
a = Xg and M = h{ei) (g) . . . (g) h{er), and using the adjunction relation (57), we find that the 
right-hand side of (111) is equal to 

A^-''Tr®"(ti,2 {Cu(N,K)) o PK(Ag) o /i(cei) ... h{ejC-^) ... /i(e^)), 

where ej = Xg^{ei) 



The end of the proof is similar to that of the fourth assertion of Proposition 6.16, It suffices 
to compute 

iV"'^Tr®"(ti,2 {Cn{N,K)) ° PK((ei e2)Xg) o h{cei) ® . . . ^(ejc^^) h{er)) 

and 

iV"'^Tr®"(ii,2 {C^{N.K)) ° PK((ei e2)Xg) o h{cei) . . . ® h{ejC-^) . . . ® /i(e^)), 

and to check that they are respectively equal, up to a power of N which is determined exactly 
as in the case of skeins, to W^^^eaic.ei^g^ and pe.2;c,e.i(^gy □ 

6.9. Expectations of Wilson loops. In the present section, we finally write down and solve 
the differential system announced in Section |6.3[ This enables us, at least in principle, to 
compute the expectation of any Wilson loop, skein, or garland, for any K G {M, C, H} and any 
integer A'^. 

Given a graph G and a spanning tree T of G, let us denote by G(G, T) the set of garlands on 
(G,T). 

Lemma 6.18. Let G he a graph. Let T he a spanning tree ofG. The set G(G,T) is finite. 

Proof. Since the loops which constitute a garland are assumed to be reduced, a garland Q on 
(G,T) is almost completely determined by the permutation Xg which it induces on (E \ T)+. 
The only information about Q which is missing in Xg is the data of the base point of each loop, 
and this can be chosen in only finitely many different ways. □ 

The following proposition summarises the results of the last three sections. 

Theorem 6.19. Choose K G {M,C,]H[} and an integer N > 1. Let G he a graph. Let T be 
a spanning tree of G. For each face F ofG, there exists a G(G,T) x G(G,T) matrix, which 
depends on K, N, G, T, F, and which we simply denote by Mp' , such that for all t : — t- W^, 



g £ G(G,T) =0. 
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Proof. Recall from Section 4.3 the way in which the spanning tree T determines a spanning tree 
T of the dual graph G and, once we have chosen a first neighbom of the dual root, a labelling 
of the set F of faces by words of integers. We use this structure on F to determine the specific 



sequence of faces to which we shall apply Corollary 6.5 



If ki ... kp is a, word of integers corresponding to a face of G, we denote by c{ki . . . kp) the 
number of children of fci . . . fep in T, that is, the largest integer / such that ki . . . kpl corresponds 
to a face of G. If / G {0, . . . , c{ki . . . kp)}., we define 

, . _ ( {ki...kpl,c{ki...kpl)) if/>0, 

Starting from (0, c(0)) and iterating s until one reaches (0, 0), whose image by s is not defined, 
corresponds to the exploration of the dual tree by a person who keeps it on her right-hand side. 



22111 




Figure 23. The left-hand side explains the meaning of the integer /, namely 
the location of the explorer around the vertex which is currently visited. The 
right-hand side shows the trajectory of the left-handed exploration of the dual 
tree of the example depicted in Figure |9j 



Let us consider a bounded face F and its label ki . . .kp. Let us construct a sequence of 
faces by starting from (ki . . .kp,0), iterating s until we reach the unbounded face for the first 
time, and forgetting the values of I in each term of the sequence obtained. We find a sequence 
F = Fi, F2, . . . , Fn, Fn+i = Foe. For example, if we use the graph depicted in Figure [9] and start 
from the face 22, we find the sequence (22, 2, 21, 2, 0). 

Each face of the sequence (Fi, . . . , is adjacent to the next, for they correspond to 

adjacent vertices in the dual spanning tree. For each r E {1, . . . , n}, let be the edge of G such 
that (-Fr+ij Cr, Fr) is the dual edge which joins Fr and F^+i in T. 

The fact that we chose the sequence of faces by right-handed exploration of th e spanning tree 



T implies that the paths C2, . . . , defined in the statement of Proposition 6.4 are paths in T. 
Indeed, for each r G {2, . . . ,n}, the dual vertex -Fr+i is immediately followed by -Fr-i in the 
cyclic order of the neighbours of Fr in T. Hence, the path Cr does not cross any dual edge of T, 
and this is equivalent to saying that it is contained in T (see Figure 24 ) . 
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Fr+l 





























Figure 24. By construction of the sequence Fi, . . . , -Fn+i, the grey sector does 
not contain any edge of the dual spanning tree T. Hence, the path Cr stays in 
the spanning tree T. 



We now apply Corollary 6.5 to the sequence Fi, . . . , F^+i, the edg es ei, . . . , e,-, once for each 
observable of the form W^q, where Q spans G(G, T). By Proposition 



6.17 



each derivative with 



respect to the area of F of such an observable can be expressed as a linear combination of Wilson 
garlands belonging to G(G, T). The coefficients of these linear combinations form the coefficients 



of the matrix M 



K,N 



□ 



Let us explain how to apply Theorem |6.19| to the computation of the expectation of an 
elementary Wilson loop. Let / be an elementary loop. Let T be a spanning tree of G;, the least 
fine graph on which / can be traced. Then {/} is a garland on (G,T). Hence, the expectation 



of the Wilson loop Wi is one of the components of the vector ( E- 



K,N 



Q e G(G,r) 



evaluated at t : F — )• given by t{F) = \F\. Let us denote by 1 the vector of size G(G, T) with 
all its components equal to 1. By Proposition 6.19 and Proposition 6.10, we have the following 
equality, which is very much analogous to (67): 



(112) 



YMf 



: Q G G(G,r) 




The order in which the matrices are multiplied does not matter, since the derivatives with respect 
to the areas of the various faces commute. 

This is a formula of the sort we were aiming at: it provides us with a graphical procedure to 
compute the expectation of products of Wilson loops. 

It is however rather impractical. The number of garlands on a given pair (G, T) is large: if 
all the vertices of G have degree 4, which is the generic case, and even after identifying garlands 
which differ only by the base points of their constituting loops, there are 2''g! garlands, where q 
is the number of bounded faces of G. In the case of Example |6.14[ where g = 3, this is already 
too many for one to expect to be able to write down the full system by hand. In the last sections, 
we explain how, in the large N limit, this procedure can be greatly simplified. 



6.10. The Makeenko-Migdal equations for the Yang-Mills field. The reason why we 
were led to introduce the arguably not very natural class of observables which we called Wilson 
garlands, and ended up with such an impractical procedure as the one which is summarised by 



the formula (112), is that formulas (94) and (99) share the following unpleasant feature: in order 



to express the derivative of the expectation of an observable with respect to the area of a single 
face, they involve derivatives of the observable with respect to edges which may be located very 
far from this face, indeed all the edges located on a path from this face to the unbounded face. 
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In the remaining sections, we elaborate on previous work of Makeenko and Migdal |31j . 
Kazakov |22] , Kazakov and Rostov [2^3j , and describe a much more efficient way of computing 
the master field. 

The main discovery of Makeenko and Migdal is that the alternated sum of the derivatives 
of the expectation of a Wilson loop with respect to the areas of the faces which surround a 
given vertex can be described by local transformations of the loop at the vertex considered. We 
will understand this as a consequence of the fact that the differential operators which involve 
edges located far away cancel out. The original statement of the Makeenko-Migdal relation was 
essentially pictorial, and its proof was based on an ill-defined path integral with respect to the 
continuous Yang-Mills measure over the space of gauge fields. In the rest of this paper, we prove 
a more general and rigorous version of these equations, and apply them to produce an efficient 
algorithm for computing the master field. 

Let us describe briefly the content of each of the next sections. In the present section, we 
describe a general framework in which cancellations of this sort happen. This turns out to be 
related with properties of invariance of the observable under consideration with respect to the 



action of a group larger than the gauge group. Proposition 6.22, which is the abstract form 



which we propose for the generalised Makeenko-Migdal equations, is valid for an arbitrary com- 



pact connected gauge group G. In Section 6.11 we apply the general result obtained in Section 



6.10 to the specific case of the unitary group, and recover the Makeenko-Migdal equations for 



the master field. Then, in Section 6.12, we prove that the Makeenko-Migdal equations contain 
enough information to enable one to compute the value of the master field on any elementary 
loop. Indeed, the Makeenko-Migdal equations give simple expressions for various linear combi- 
nations of the area-derivatives of the master field, but it must be shown that the set of linear 
combinations which is thus made accessible is large enough to generate the space of all area- 
derivatives. We prove that this is the case, essentially by proving that some finite-dimensional 
linear mapping is injective. We also show that for finite N , the injectivity fails, and there is 
in general a part of the information missing, so that we cannot give a better algorithm than 



that encoded in (112). Finally, in Section 6.13 we use a change of variables due to Kazakov 



to explicitly produce a left inverse of the linear mapping of which we proved, in the case of the 
master field, that it is injective. 



Let G = (V,E,F) be a graph. Recall from Section 4.3 that the gauge group G acts on 
A^(P(G),G) according to the following rule: given j = (j(f))«ev ^ and a multiplicative 
function /i, we have for all path c the equality 

[j-h){c)=j{c)-^h[c)3{c). 

Let us give an infinitesimal version of the gauge invariance of a function. For each vertex v, 
recall that we defined Out(u) = {e G E : e = ?;} as the set of edges issued from v. 



Lemma 6.20. Let f : — )■ M 6e a smooth invariant function. For all vertex v and all X G 
we have 



eeOut(u) 

Proof. Let v £ Y he a vertex. Choose X £ q. Consider the one-parameter subgroup of gauge 
transformations (jt)teR defined by jt{v) = e^^ and jt{w) = 1 for all vertex w v. Differentiating 
the equality jt • f = f with respect to t and evaluating at t = yields the desired equality. □ 

We want to consider invariant functions which are invariant under a larger symmetry group 
than the gauge group. We shall give natural examples of such functions in a moment. 
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Definition 6.21. Let f : — )■ M 6e a smooth function. Let v he a vertex. Let L he a 
suhset of Out[v). We say that f is L -invariant at v if for all X & q we have the equality 

eG/ 

We have seen that any invariant function is Out(f )-invariant at each vertex v. It fohows for 
instance that a smooth invariant function which is /-invariant at v is also {Out{v) \ /)-invariant. 

The simplest examples of functions which are /-invariant at some vertex v for some proper 
subset / of Out{v) are provided by Wilson loops. For example, let I be a loop in G which visits 
exactly once the vertex v. Assume that I arrives at v through the edge e^^ and leaves v through 
the edge 63 (see the left-hand side of Figure 25). Then the Wilson loop W-^^i is invariant and 
{ei, esj-invariant at v. 





62 








64 




Figure 25. The Wilson loops associated to the loops h and I2 are both {ei, esj- 
invariant, and also {e2, e4}-invariant, at v. 



This example is however in a sense trivial, for the Wilson loop we chose does not depend at all 
on 62 nor 64. The next simplest example is also the fundamental one with the Makeenko-Migdal 
equations in mind. It is that of a loop which visits exactly twice the vertex v, once arriving 
through ej~^ and leaving through 63, and once arriving through 63 ^ and leaving through 64 (see 
the right-hand side of Figure 25). This loop is also {ei, esj-invariant at v. 

The next result shows that an observable which enjoys a property of local invariance as we 
just defined it also satisfies a local differential relation with respect to the areas of the faces of 
the graph. Recall that for each edge e of a graph, we denote respectively by F^{e) and F^{e) the 
faces of the graph which are bounded positively and negatively by e. In the following statement 
and its proof, we denote by < the cyclic order on Out(T;) induced by the orientation of M^. If ei 
and 62 are two elements of Out(v), we use the notation [61,62] = {e £ Out{v) : 61 < e < 62}. 

Proposition 6.22 (Abstract Makeenko-Migdal equations). Let G = (V, E,F) he a graph. Let 
V £ Y be a vertex. Assume that each edge issued from v is adjacent to two distinct faces of 
G. Assume also that there exists at most one edge issued from v which hounds positively the 
unbounded face. 

Let f : G he a smooth function. Let L he a non-empty suhset of Out{v). Assume that 

f is L-invariant at v. Let 6=,, and e* he two edges in Out(t;) such that / C [e*,e*]. Then for all 
t : F'' — )■ M^, the following equality holds: 

("3) E (^ - EvMf 1/1 = ^ E^^^^^ ^.f [A«-/l , 
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with the convention | EY|y|G[/ 



We shall prove in particular that the sum on the right-hand side of (113) does not depend on 
the choice of and e* such that / C [e*, e*]. This sum has the least possible number of terms if 
e* and e* are chosen to belong to /, and such that Out{v) \ [e*, e*] is a longest possible interval 
not meeting /. 





+ 



Figure 26. In this example, / = {61,62,64}. The right-hand side of (113) 
is ^YMf [A^3;ei J _j_ ^e3;e2 jj^ which thanks to the I-invariance of / is equal to 
— EwMiG [A'^3;e4y]^ Hence, the equality in this case is 



d 



d 



+ 



d 



d 



d\Fi\ d\F^\ d\Fi\ d\F, 



E. 



Proof. If Out{v) contained only one edge, this edge would be adjacent to a unique face, contra- 
dicting our assumptions. Hence, Out(f) contains at least two elements. Moreover, if / = Out(f), 
then the equality holds because both sides are equal to 0. Let us now assume that / is a proper 
subset of Out{v). Let us also assume that v is not adjacent to the unbounded face. 

Let us enumerate Out(u) in its cyclic order around v, starting from the edge e* and stopping 
at the edge e* , thus finding a sequence of edges 61 = 6*, 62, . . . , 6p = 6*. For each i £ {1, . . . ,p}, 
let Fi = F^{ei) denote the face adjacent to v which is bounded negatively by 6j (see Figure 



26). The proof consists in applying Proposition 6.4 once for each edge of I, which by assump 



tion appears in the sequence ei,...,ep. We need to choose an appropriate path in the dual 
graph of G, from the face Fi to the unbounded face. We do this by considering the sequence 
Fi, . . . ,Fp, -Fp+i = F^{ep), which we complete by an arbitrary sequence -Fp+2, • • • , Fn+i, where 
Fn+i is the unbounded face and F^+i / for all /c e {p + 1, . . . , n}. Observe that the assump- 
tion that each edge issued from v is adjacent to two distinct faces implies that no two successive 
faces are equal in the sequence Fi, . . . , Fp+i. For each i £ {1, . . . ,p}, we choose the edge 6j as 
bounding Fi negatively and Fj+i positively. 



Let us choose i £ {1, . . . ,p} such that ei £ I and let us apply Proposition 6.4 to the sequence 
Fi, . . . , Fn+i- Since the edges e^, . . . , ep are all issued from v, the paths Cj+i, ■ ■ ■ ,Cp are constant. 
The paths Cp+i, . . . , c„ on the other hand may not be, but they do not depend on i. Proposition 



6.4 yields 



(114) - ^) IEyM«[/] = ^I^YMf [A-/] + ± IEy^G[A^.-.-— /]. 



j=i+l 
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Summing the right-hand side over the indices i such that Ci £ I and sphtting according to the 
values of j gives 



(115) E. 



ym;- 



1 



ee/ 



ei£l,i<j<p 



The last term of (115) can be rewritten as 

d n 



fc=l j=p+l 



k=l eel j=p+l 



\ ^ ...Cp_|_i ,e J, 



ee/ 



and for all h G G"^ , all A: G {1, . . . , d} and all j G {p + 1, . . . , n}, we have 



Vee/ / ee/ 



thanks to the J-invariance of /. 

Another consequence of the J-invariance of / is 



k=l \ee/ / ee/ ei,ej&I 

i<j<p 



It follows that the first term of (115) is equal to 



E 



E. 



YM5 



[A^-'^V] 



ei£l,ej^I,i<j<p 



E 

e«<ei<e2<e* 
eie/,e2^/ 



as expected. 

Let us now consider the case where v is adjacent to the unbounded face. Let e be the unique 
edge issued from v such that F^{e) = Foo- Let us choose as the first element of / which 
comes strictly after e in the cyclic order of Out(?;) and e* as the last element of Out(f) which 
comes strictly before 6=,,. We claim that (113) holds with this particular choice of e* and e* . 



Indeed, if e ^ /, then neither e^, nor e* are adjacent to the unbounded face and the proof 
above applies verbatim. If on the contrary e £ I, then e = e* . In this case, let us choose n = p 
and -Fp+i = -Foo- Then (114) is still true for each i such that G /, including when Cj = e*, 
thanks to our agreement that | = 0. The rest of the proof is not altered. 



Let us conclude by proving that the right-hand side of (113) does not depend on the choice 
of e^, and e* provided I C [e=K,e*]. We do this in general, assuming only that / is a smooth 



observable which is /-invariant at v. We shall denote the right-hand side of (113) by S(e^,,e*). 

To start with, for all e ^ I, the J-invariance of / implies that Yleiei ^'^''^^ f ~ ^' that we 
may assume in computing S{e^:,e*) that and e* belong to J. In this case, is the element 
of J which follows immediately e* in the cyclic order of Out(f). It suffices thus to prove that 
for all three consecutive elements e", e' and e of J in the cyclic order around v, the equality 
S(e',e") = S{e,e') holds. By unfolding the definition of S and using the J-invariance of /, we 
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find 



Sie',e")-Sie,e')= ^vw^f W'''^' f] - E 



e'<e2<e 
E ^YMf 



E. 



ym; 



e<ei<e" e"<e2<e' 



eie/ 



E 

e2eOut(D) 



^e2;e ^ 



^YMf 



We used the symmetry property A*^ '^^^ = /\e2;e ^^j^ ^j^^ I-invariance of / in the last step. 
Now if / was assumed to be invariant, we could conclude by Lemma 6.20 that this quantity is 
equal to 0. In fact, it is even if / is not invariant. Indeed, we claim that for all X G g we have 



E ^YMf 
e2G0ut(D) 



The reason for this equality is that the Yang-Mills measure is invariant under the action of the 
gauge group. Indeed, the uniform measure on is invariant, as well as the density of YMf , 
defined by (93). If we let (js)seM be the same one-parameter group of gauge transformations as 
in the proof of Lemma |6.20[ then 

d 



e2eOut(t;) 



E. 



YMf 



ds \s=0 J'-^G 

Thus, 5(e', e") = ^(e, e') and the proof is finished. 



f{h) (YMf oj7i)(d/i) = 0. 



□ 



We mentioned before stating Proposition 6.22 that the main situation where we intend to 
apply it is at a point of self-intersection of a Wilson loop, or at the intersection point of two 
Wilson loops. First of all, let us state and prove the extended gauge-invariance properties of 
Wilson loops, indeed of Wilson skeins. 

Lemma 6.23. Let S = {Zi, . . . he a skein. Let Gs be the underlying graph, with its orien- 
tation E^. Let Xs be the permutation o/E^ induced by S. Let % : G — t- C be a central function. 
For each e G E"^, the Wilson skein W^^s = ^x.'i • • • ^x.'r ^•^ {X^^{e))^^} -invariant at e. 

Proof. Without loss of generality, we may assume that e is traversed by li. Setting e' = A^^(e), 
we have li = ae'eb with appropriate paths a and b. For all h G '^'^•^ , we thus have W^^i-^ (h) = 
x{h{b)h{e)h{e')h{a)). Since li is an elementary loop, the paths a and b do not traverse e nor e', 
in either direction. Thus, for all X G g, we have 

((£3. + 4'^"Vx,0W = ||,^, {x{h{b)h{e)e-'''hie')h{a)) + x{Hb)h{e)e'''h{e')h{a))) 

= 0. 

On the other hand, the product VF^^/j . . . W-^^i^ does not depend on h{e) nor h{e'), so that for 
all X £ Q, 



0. 



An application of the Leibniz rule completes the proof. 



□ 



Combining the extended invariance properties of Wilson skeins (Lemma 6.23), the local differ- 
ential relation which this entails for their expectation (Proposition 6.22), and our understanding 
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of the way in which the differential operators which appear in ( 113 ) act on Wilson skeins (Propo- 
sition 



6.16), we can finally prove the Makeenko-Migdal equations in their original version. 



In order to formulate the result, we need to give a precise definition of the fact that a skein S 
has a crossing at a certain vertex of Gs- Let thus 5 be a skein. Recall that the graph Gs carries 
a natural orientation, which we denote by E+, and that S determines a permutation of E~*". 
Let u be a vertex of degree 4 of Gg. Among the four edges of Out(t; ), exactly two belong to 
If they are not consecutive in the cyclic order around v, we say that S has a frontal dodge at v. 
If they are consecutive, let us label them ei and 62 in such a way that 62 follows immediately 
ei. Let 63 = (A^^(ei))~-'^ and 64 = (A^"'^(e2))~"'^ be the other two edges of Out{v). If the cyclic 
order around v is (61,62,64,63), we say that S has a lateral dodge at v. If the cyclic order is 
(ei, 62, 63, 64), we say that S has a crossing at v (see Figure 27). 



Figure 27. The four possible situations at a vertex of degree 4 of a skein. From 
left to right, they are the two frontal dodges, the lateral dodge and the crossing. 



Proposition 6.24 (The Makeenko-Migdal equations). Let S = {h, . . . ,lr} be a skein. Let E"*" 
be the orientation of Gg induced by S. Let v be a vertex of G of degree 4 at which S has a 
crossing. Let 61 and 62 be the two consecutive edges ofK~^ which start at v. Let Fi, F2, F^, F4 
be the faces adjacent to v, listed in cyclic order and starting by the face F^{ei). Then for all 

^ . ]pb . V TO* 



:il6) 



d 

'd\F\\ 



d 



+ 



d 



d\F2\ d|F3| 



d 



E. 



N,S 



E. 



N,S 



, Fa is the unbounded 



where A(^2)(^i)M/^5 is given by Propositions. Im If one of the faces Fi, , 
face, then (116) still holds with the convention | = 0. 

In particular, assume that IC = C. If ei and 62 are traversed by the same loop of S, then 

(117) f d d d d 



+ 



+ 



E 



YMl- 



N,S 



E. 



W 



c 



Af,S"=2;<=i(5) 



d\Fi\ d\F2\ d\Fs\ dlF^l 
On the other hand, if ei and 62 are not traversed by the same loop of S, then the left-hand side 



of (117) is equal to times the right-hand side of [111). 



Proof. Let 63 and 64 denote the other two outgoing edges at v, in such a way that 61, 62, 63, 64 are 
cyclically ordered in this way around v. By Lemma 



6.23 



the function g is {61, 63}-invariant 
at V. Hence, Proposition 6.22 applied with 6* = ei and e* = 63 yields literally (116). 



The two assertions in the case where K. 



Proposition 6.16 



C follow from (116) and the fourth assertion of 

□ 



6.11. The Makeenko-Migdal equations for the master field. The Makeenko-Migdal equa- 
tions take a particularly simple form in the limit where N tends to infinity. Before we state and 
prove them, and since this is first time in Section [6] that we consider the master field $ itself, 
rather than its approximations it is appropriate to make a few preliminary remarks. 
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Figure 28. This picture illustrates the original and most important instance 
of the Makeenko-Migdal equations, corresponding to (117). One of the faces 
adjacent to the vertex considered is allowed to be the unbounded face. 



Let I be an elementary loop. Recall that is the limit as tends to infinity of ^^'^{l), 
for each K G {M, C,]HI}. Since it is in the case IC = C that most formulas take their simplest 
form (see in particular Proposition 6.16), we shall always choose to see the master field as the 
large N hmit of the U(iV, C)-valued Yang-Mills field. 

Considering the approach which we have taken throughout this work, it is only natural that 
we consider as a function of the areas of the bounded faces of G;. Just as we extended the 
definition ( |80| ) of the discrete Yang-Mills measure by allowing in ( 93 ) the areas of the faces to 
be prescribed, let us define, for all t : ^ ™* 



-7 



w: 



C,N 



Recall from Proposition 6.9 that ' (/) thus defined is the restriction of an entire mapping on 



Proposition 6.25. 1. Let I be an elementary loop. Let Gi be the associated graph. As N tends 
to infinity, the sequence of entire functions oft converges uniformly on every compact 

subset of C^'' towards an entire function t i— t- ^t{l) 
derivatives of these functions. 

2. Let I be an elementary loop. Let 
have for all t:¥^ ^R*. 



The same convergence holds for all partial 
be the associated graph. As N tends to infinity 



we 



Var. 



ym: 



w, 



C,N 



0{N- 



3. Lets 
(118) 



{^1 



, Ir} be a skein. Let Gs be the associated graph. We have for all t : ¥^ 



TV- 



lim E^,,x.o 
YM, ■s 



w: 



C,N 



In the case where for each bounded face F of Gi we have t{F) = \F\, the statement of 
convergence in the first assertion is contained in Proposition |5.2[ and the second assertion 
follows from Theorem |5.6[ We make sure that the same results hold with an arbitrary choice of 
t, and that the dependence in t is analytic. 

The third assertion is the property of factorisation which will eventually enable us to effectively 
compute the master field. 



Proof. 1. We use the expression of ^f'^{l) provided by (112). This equation applies because, as 



explained at the beginning of Section 6.8 {1} is a garland with respect to any spanning tree on 
By Proposition 6.17 and more specifically by the particular form of the fourth assertion of 



6.161 the entries of the matrices Mp' are polynomials of degree 2 in actually affine functions 



of Thus, for each bounded face F, the matrix Mp"^ converges, as tends to infinity, to 
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the matrix Mp whose entries are the constant terms of m5'^. This imphes the convergence of 



the mapping 1 1— )■ <I>^'^(/) towards the mapping 



t ^ 



1, 



uniformly on every compact subset of C . Since we are considering entire functions, this implies 
the uniform convergence on e very compact subset of all partial derivatives of these functions. 

the function t : 



2. In the proof of Theorem 5.6, the function t : F" — )• (M^) is given by t{F) = \F\. This proof 
relies on one hand on Theorem |3.4[ which is valid for an arbitrary t, and on Propositions 5.10 



and 5.11 which depend on a specific relation between lengths and areas, through the Banchoff- 
Pohl inequality. However, it is easy to compare the values of At{w) associated with two different 
values of t. More precisely, setting 



a{t) 



max 



F&f> \F\ ' 



the proof of Theorem 5.6 yields 

Var. 



ym; 



which is even more precise than what we need. 

rC,N ^mC,N 



3. Since the random variables W, 



from the previous assertion. 

For all skein S = {li, . . . ,lr} on a graph G and all t : F^ 



are bounded by 1, this follows immediately 

□ 



we shall use the notation 



MS) 



lim E^,. Co 



The third assertion of the last proposition can be reformulated by saying that 

(119) MS) = Mll)-..Mlr). 

We can now formulate the Makeenko-Migdal in the large N limit. 

Theorem 6.26 (The Makeenko-Migdal equations for the master field). Let S be a skein. Let 
F be a bounded face of Gs adjacent to the unbounded face. Then 



(120) 



d 



MS) 



-MS)- 



d\F\ '''' 2 

Moreover, let v be a vertex of degree 4 of Gs at which S has a crossing. Let us use the notation 



of Proposition \6.24 
(121) 



d 



+ 



d 



+ 



d 



MS) 



$t(5^2;ei (5)) if and 62 are traversed 

by the same loop, 
otherwise. 



d\Fi\ d\F2\ d\F3\ d\F4\, 

Proof. Let e be an edge which is adjacent both to F and to the unbounded face. For each > 1, 

he 

1. 



an application of (95) and the first assertion of Proposition 6.16 yields 
d 



because c, 



d\Fi\ ' 

u(N,C) 



C,N 



(S) 



— E,„ .G<; 

2 YM( ■S 



C,N 



F,„ .Go 
2 YM( ■S 



w: 



C,N 



>f'^(5), 



1. Since the derivatives of ^f''^{S) converge to those of <I>t(5), letting N 



tend to infinity yields (120). 
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Let V he a vertex of degree 4 of Gs. Applying Proposition 6.24 and the fourth assertion of 



Proposition 6.16, we find 



d 



+ 



d 



d 



+ 



d 



d\Fi\ d\F2\ d\F^\ d\Fi\ 



w: 



C,N 



E. 



YM' 



w 



C,N 



if ei and 62 are traversed by the same loop, and 



i^^YM? 



w 



C,N 



5'=2;si(5) 



if they are not. Thanks 



to the second assertion of Proposition 6.25, this yields the expected equalities in the limit when 
tends to infinity. □ 



6.12. The recursive computation of the master field. The Makeenko-Migdal equations 
convey in a nice and practical way a lot of information on Wilson loop and Wilson skein ex- 
pectations, and on the master field. In this section, we shall determine exactly how much 
information. The main question is: given a skein 5, is it the case that the linear combinations of 



area-derivatives of $t(5) given by the equations (120) and (121), applied at all possible places 
on the graph G5, suffice to determine all area-derivatives of ^tiS) ? 

This is a purely algebraic graph theoretic problem: is a function on the set of faces of Gs 
determined by its values on the faces which are adjacent to the unbounded face and by the 
alternated sum of its values on the faces located around each vertex ? 

We shall prove that the answer is positive exactly when S consists in one single loop. As 



long as we are computing the master field, the factorisation property (119) holds, and we can 



break down any skein to its constituent loops, so that the Makeenko-Migdal equations suffice 
to compute the master field. However, if we try to compute the functions then some 



supplementary information is needed and it seems that we are sent back to (|112|). 

Let us start with a graph 
set of skeins S such that Gs 



together with an orientation E"*". Let us denote by S(G,E^) the 
G and E"*" is the orientation induced by S. Let us define 



£ = Spang {t ^ ^t{S) : S G S(G,E+)) , 

the Z-module of entire functions on C'^'' spanned by the value of the master field on skeins 
belonging to S(G,E"^). The space £ depends on G and E"*", but the context will always make 
clear which graph we are considering. 

Given a smooth real-valued function ip : (M*^)^'' — )■ M of the areas of the faces of G, let us 
denote hy Vacp the area gradient of if, that is, the vector 



Note that we include the derivative with respect to the area of the unbounded face, which by 
convention is 0. In the cases which we will consider, where (p belongs to £, both ip and Wa(p 
extend to entire functions on C'^ . 

The Makeenko-Migdal equations ensure that for each (p £ £, certain linear combinations of 
the components of X^y? belong to £. In order to express exactly which linear image of Vap we 
have access to, let us introduce two discrete differential operators associated with a skein S. We 
consider the graph G = Gs, endowed with its natural orientation. 

The first operator is the usual discrete gradient on the dual graph G, followed by the identi- 
fication of dual and primal edges: it is the operator d^ : R^ — )• R^'^ defined by setting, for all 
u&R^ and aU e G E+, 

((i^u)(e) = n(F^(e)) - u{F^{e)). 
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The second operator depends crucially on the skein S. It is the discrete derivative in the direction 
of S. We define ds : M.^^ by setting, for all a G R^^ and all e E E+, 

{dsa){e) = a{e) — a(A^^(e)). 

We finally set fis = ds o : ^ R^"^ , the Makeenko-Migdal operator. 

Before we state the first important result, let us define the number of self-crossings of a skein. 
Let S = {li, . . . be a skein without triple point, that is, such that each vertex of Gs has 
either degree 2 or 4. Let v he a vertex of G5. We set nc„(5) = 1 if 5 has a crossing at v, in the 



sense explained before Figure 27, and if the two edges of issued from v are traversed by the 



same loop. Otherwise, we set nc^(5) = 0. We then define the number of self-crossings of S by 

nc(5) = ^nc„(5). 



The main observation is that, with the notation of Proposition 6.24 , and if ei and 62 are traversed 
by the same loop, then cn(5^2'^i (5)) = cn(5) — 1. 

Proposition 6.27. Let G be a graph. Let E"*" be an orientation ofG. Assume that each vertex 
of G has degree 2 or 4. Then for each skein S £ S(G,E+), each component of fis (\^<l>t(5)) is 
either or ±$4 (5') for some skein S' such that cn(5') = cn(5) — 1. 
In particular, for all ip £ £, each component of fig (^9?) belongs to E. 

Proof. Let us choose S in S(G,E+) and e G E^. Set v = e and e' = A^"^(e). If v has degree 2, 
then F^(e) = F^(e') and F^(e) = F^(e'), so that /i5(Va$t(5))(e) = 0. 

Let us now assume that v has degree 4. Let us start by assuming that S has no crossing at 
V. In this case, e and (e')~^ are consecutive in the cyclic order of Out(f). Let us assume that e 
precedes immediately (e')~^, the other case being similar. Then F^{e) = F^{e') and 



In order to compute these derivatives, let us apply (|94|) to the Wilson skein w9'^ and let A'' 



tend to infinity. Let us assume first that neither F^{e) nor F^{e') is the unbounded face. 
For the first derivative, let us take Fi = F^{e), ei = e and F2 = F^{e). For the second, 
let us take Fi = F^(e'), ei = (e')~^ and F2 = F^(e') = F^(e). Since both wj'^ and 
h I—)- Q^(^p^^{h{dF2)) are {e, (e')~^}-invariant at v, a short computation shows that the two 
derivatives are equal. Hence, fis{'Va^t{'S)){e) = 0. The same equality holds if both F^{e) and 
F^{e') are the unbounded face. Finally, let us assume that one of these faces is the unbounded 
face, and not the other. Let us for example assume that F^(e') = F^. Then F^{e') is not the 
unbounded face. We apply (94) with Fi = F^{e), F2 = F^{e) and F3 = Fqo, and ei = 



Let us finally assume that 5 has a crossing at v. In this case, ^s{^3.^t{S)){e) is, up to a 



sign, the left-hand side of (121), of which we know that it is either or $((S"^^'^^ (5)). The skein 
ge2;ei -g hand an element of S(G, E''") and it satisfies on the other hand cn(5'^^''^^ (5)) = 

cn(5) — 1. This concludes the proof. □ 

Since we are interested in Va^tiS), our next task is to invert the Makeenko-Migdal operator 
fig. We analyse its kernel and image, and prove that it is invertible provided the skein S has a 
single loop. 

For this, let us introduce the following notation. For each edge e G E"*", let 6e denote the 
vector of R^'^ whose components are all equal to except the e component, which is equal to 1. 
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Let us associate a vector of to each loop li of S on one hand, and to each vertex v of Gs 
on the other hand, by setting 

5i- = ^ (^e and = ^ 6e. 

eeE+ eeE+ 
li traverses e e£Out(i>) 

Finally, let l'^"'' be the vector of M.^'^ whose components are all equal to 1. Note that Yll=i ~ 
X]t;eV*^ ~ l'^^. Let us endow M'^^ with the scalar product for which (5e)eGE+ is an orthonormal 
basis. 

In the following statement, we think of as the vector space of functions on which are 
locally constant on the complement of the skeleton of G. Accordingly, we see the functions 
n/^, . . . , n^^, defined in Section 



5.4 



as elements of ^ 



Lemma 6.28. Assume that none of the loops li,. . . is constant. 

1. The kernel of fJ-s is spanned by the linearly independent vectors 1^ , nj^, . . . , n^^. 

2. The intersection of the two subspaces of spanned respectively by {6i^, . . . ,6i^} and by 
: V G V} is equal to the line spanned by 1^'^ . 

3. The image of fis is the orthogonal complement of the sum of the two subspaces ofM.^ spanned 
respectively by {5i-^, . . . ,5i^} and {-k^ : v £Y}. 

Proof. 1. The identity d^l^ = shows that l'^ is in the kernel of /x^. For each i G {1, . . . , r}, 
one has d^n^ = —6^ and dsSi^ = 0, so that n;^, . . . , n/^ also lie in the kernel of fj-s- 

Let now u be an element of the kernel of /i^. Set a = up^, so that u — al^ vanishes on the 
unbounded face F^o. The equality /^^(m — al^) = means that for each i G {1, . . . , r}, the jump 
of u across any two consecutive edges of k are equal, so that u varies by a certain fixed quantity 
Pi when one crosses an edge of k. The function u — al^ — Yll=i vanishes on the unbounded 
face of G, and does not vary when one crosses one of the edges of G. It is thus identically equal 
to zero. 

The fact that 1, n^^, . . . , n/^ are linearly independent follows from the fact that given a function 
of the form al + X]i=i l^i'^kj ^ can be recovered as the value of this function on the unbounded 
face. Then, the equality X]i=i ^i^h = ~ Z]i=i i^i^h allows one to recover /3i, . . . , (3r- 

2. Consider an equality w = Yli=i o^i^h = Z^nev Pv'*^'" ™ ■ '^^^ ^'^st expression of w shows 
that it has the same value on any two edges of a same loop of S. The second expression shows 
that it has the same value on the edges of any two loops which visit a common vertex. Since G 
is connected, w has the same value on each edge, that is, t/; is a multiple of l'^^ . 

3. One checks without difficulty that the range of lis is orthogonal to each 5i^,i G {1, . . . , r} 
and to each -k^^v G V. On the other hand, by the first assertion, the range of jJLs has dimension 
|F| — r — 1. We conclude the proof by observing, thanks to Euler's relation, that |F| — r — 1 = 
|E+| - (|V| +r - 1). □ 

For a skein S consisting of r loops, the kernel of fis has thus dimension r + 1. If we are to 
recover \^<I>j(5) from we need some additional information. Two supplementary 

relations are always available. The first is given by the fact that the component of \^<I>t(5) 



corresponding to the unbounded face is 0. The second is given by (120) applied to a face 
adjacent to the unbounded face. If r = 1, that is, for a skein which consists in a single loop, this 
is enough to recover \^<I>((5). 
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Proposition 6.29. 

Let F be a face of G 



is injective. 



Let I be a non-constant elementary loop. Let Gi be the underlying graph, 
l which shares a bounding edge with the unbounded face. Then the mapping 



Proof. Assume that u lies in tiie kernel of this mapping. Then fj,^iy(u) = and, by Lemma 
is a linear combination of 1 and n/. Since uf^ = uf = 0, u must be equal to 0. 



6.28 
— □ 



Thanks to the factorisation property of the master field, expressed by (119), it is enough to 



be able to treat the case of one single loop. However, had we tried to apply the same analysis 
to the expectations of Wilson skeins, our approach would now fail. Indeed, it is not difficult 



to prove the analogue of Proposition 6.27 for Wilson skeins expectations. However, even if we 
start with a single loop, and unless this loop has no self-intersections, the area derivatives of the 
expectation of the corresponding Wilson loop involve expectations of Wilson skeins with two 
loops, for which we are not able to determine all area derivatives using local relations. Figure 
29 below shows an example of a skein for which indeed the local relations which we have at our 
disposal do not suffice to determine all area derivatives. 




Figure 29. In this example, the area derivatives available through the 
Makeenko-Migdal equations are 2^ - ^ and ^ - ^ + ^ - 

d 



Moreover, the derivative 



is given by (120). This does however not suffice to 



determine the area gradient of the expectation of this Wilson skein. 



Proposition 6.29 allows us to prove the following effective version of (112). 



Proposition 6.30. Let G be a graph. Assume that each vertex of G has degree 2 or 4. Let 
be an orientation ofG. For each bounded face F of G there exists a S(G,E+) x S(G,E+) real 
matrix Mf such that on one hand, for all t ■ ^ ™* 



d 
d]F\ 



Mf^ :cSgS(G,E+)) = 0, 

E+) such that {Mf)si,S2 7^ 0? one either has S2 = Si 



and on the other hand, for all 5i, ^2 G S(G, I 
or nc(52) < nc(5i). 

Proof. Let S be an element of S(G, E+). By Proposition 
fJ'sC^a^ti'S)) is a linear combination of functions oft of the form 1 1— )• <I>t(5') with cn(5') < cn(5). 



6.27 



each component of the vector 



Using a left inverse of the mapping of which Proposition 6.29 grants the injectivity, this 



implies that each component of \^<I>t(5) is a real linear combination of 1 1— )• <l*t(5) and the same 
functions as above. For each bounded face F, the matrix Mf whose row indexed by S contains 
the coefficient of the linear combination corresponding to ^p^$t(5) has the desired property. □ 
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We shall prove in the next section that the entries of the matrices Mp are half-integers. For 



the time being, Proposition 6.30 gives a triangular differential system which can effectively be 
solved, by induction on the number of crossings of the skeins. The following lemma takes care 
of the case where the number of crossings is zero. It is a slightly sophisticated version of the fact 
that the master field evaluated on a loop which surrounds once a domain of area s equals e~ 2 . 

Lemma 6.31. Let G he a graph. Let he an orientation ofG. Assume that each vertex of 
G has degree 2 or 4. Let S = {li, . . . , /,.} be a skein in S(G,E^"). Assume that cn(5) = 0. For 
each i S {1, . . . , r} and each face F of G, write F C li if n/, is not zero on F. Then 

$,(5)=exp[-i^^t(F) 

y i=i Fck 

Proof. By definition of $t(5), it suffices to prove that for each i £ {1, . . . ,r}, we have ^t{h) = 
exp— ^ Sfcz *(-^)- suffices thus to prove the result when r = 1. In this case, I = h is an 
elementary loop on G which satisfies cn({/}) = 0. 

Let us start by working under the assumption that for each face F, the number t{F) is the 
actual Lebesgue area of F. 

By deforming / around each vertex of G which it visits twice, we can produce a sequence 
of rectifiable Jordan curves {ln )n>i which converges towards /. Then the sequence {^{ln))n>i 



converges to by Theorem 5.22 For each n > 1, is equal to e ^"""j where a„ is the 



area enclosed by the Jordan curve In- This area can be written as 

|n/„(3;)| dx 



and since the uniform convergence of a sequence of loops implies the pointwise convergence of 
the index function, the dominated convergence theorem implies that 



lim a„ = / |ni(x)| dx. 



There remains to verify that this is equal to ^pQit{F). Equivalently, we must prove that \ni\ 
takes only the values and 1. Once again, this follows from the pointwise convergence of the 
sequence (n;^)„>i towards the sequence n^. 

In order to complete the proof, it remains to reduce the general case to the case where t{F) 
is the Lebesgue area of F. This is taken care of by the next Lemma. □ 

Let G = (V, E,F) and G' = (V',E',F') be two graphs. By a combinatorial isomorphism 
between G and G' we mean a bijection i : E — )■ E' which is compatible with inversion and 
preserves the cyclic order of the edges around each vertex. It can be shown that the existence of 
such a combinatorial isomorphism guarantees the existence of a homeomorphism of the whole 
plane M? which sends G to G' and realises the bijection between E and E' (see Section 1.3.1 of 
[28j and the references therein). In particular, a combinatorial isomorphism induces a bijection 
z : F — 7- F' between the faces of G and the faces of G' , and a bijection i : — )• '^'^ between 
the configuration spaces attached to G and G' . We use the same letter to denote all the maps 
induced by the isomorphism. 

Lemma 6.32. Let G he a graph. Let t : F^ — )• be a function. There exists a graph G' and 
a comhinatorial isomorphism i between G and G' such that for all hounded face F of G, the 
Lebesgue area of i{F) is t{F). In particular, the following equality holds: 
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Proof. Let us prove the result by induction on the number of bounded faces of G. If it is or 
1, the result is true, for G' can be taken as the image of G by a homothecy. Let us assume that 
the result has been proved for any graph which has strictly less faces than G. By removing from 
G one edge which is adjacent to the unbounded face, we reduce by 1 the number of its bounded 
faces. We can thus apply the induction argument, and then add the missing edge to G' in such 
a way that the area of the face which it closes has the correct value. □ 

As an example of application of the algorithm presented in this section, we give, in Appendix 
[B| the value of $ on the 28 simplest elementary loops, namely those which have no more than 
three points of self-intersection. 

6.13. The Kazakov basis. In |22j . Kazakov considered a particular basis of the space of func- 
tions defined on the set of faces of the graph G^ , which allows one to explicitly find an inverse to 



the mapping which we introduced in Proposition 6.29 and of which we proved that it is injective. 



Let I be an elementary loop which is generic in the sense that each vertex of the graph G; has 



degree 4 and is a crossing in the sense of Figure 27 except for the vertex /(O) which is of degree 
2. We shall think of the module I/'' as the space of locally constant integer- valued functions on 
the complement of the range of / which vanish at infinity. 

Let us write = {Fi, . . . ,Fq}. To start with, the module iF admits the canonical basis 
indexed by F^, which we simply denote by {Fi, . . . ,Fq}. In order to define the second basis, 
let us make the assumption that the vertex vq of G which is the base point of I is located on 
the boundary of the unbounded face. The orientation of / determines an orientation of 
G;, and it determines an order on V, which is the order of first visit starting from vq- Thus, 

V = {vo, vi, . . . , Vq-i}. There are indeed q elements in V, as a consequence of Euler's relation. 
For each i e {1, . . . , g — 1}, let us denote by k the sub- loop of I which starts at the first visit 

at Vi and finishes at the second visit at this same vertex. Observe in particular that li does not 
visit vq. Let us also set /q = ^- For each i G {0, . . . ,q — 1}, the winding number n^- (see Section 
\5A\ is an element of Z^'' . 

Let us define, for each bounded face F and each vertex v of G, an integer '\r\c{F,v) between 
—2 and 2, of which we think as an algebraic incidence number. Consider a vertex v ^ vq. Let 
e be the first edge traversed by I after its first visit at v. Set e' = A^j|(e) and define, for each 
bounded face F, 

Define also 

inc(F,fo) = lF=FL{e) - lF=F«(e)- 

Note that since I is elementary, every edge of G is adjacent to two distinct faces, so that the 
non-zero terms of this sum always have the same sign. In particular, inc(-F, f ) = if and only if 

V is not adjacent to F. 

The main statement which underlies Kazakov's approach is the following. 

Proposition 6.33. The set {n/^, . . . , n;^ -^} is a basis of ll^ . Moreover, for all i G {1, . . . , q\, 

we have the equality 

9-1 

Fi = ^\nc{Fi,Vj)ni^. 

j=0 

In particular, the two matrices N = (n/._j (Fj))jj=i...g and inc = {'\'nc{Fi,Vj-i))ij=i,,,q belong to 
SLg(Z) and are each other's inverse. 
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We propose to understand this result in terms of a certain positive quadratic form on the 
module l7 , which we shall identify with a sub- module of Z'^^, the module of formal linear 
combinations of edges of E"^ . 

In order to make this identification, we associate to each loop e^^ . . . e^'' in G, with ei, . . . , e,. G 
E"*", the element eiei + . . .+erer of Z'^^. This element depends on the loop only up to equivalence 
and change of the base point. Hence, for each i G {1, . . . ,q}, the image of dFi by this mapping 
is well defined and we also denote it by dFi. The mapping from I/'' to Z'^^ which for each 
i G {1, . . . , g} sends Fj to dFi is injective. Its image can be characterised as the subspace formed 
by linear combinations such that at each vertex, the sum of the coefficients of the incoming 
edges equals the sum of the coefficients of the outgoing edges. This subspace is usually denoted 
by H^{G;Ij). We have thus the mappings 

^ h\G;Z) C Z^^ 

Fi — >dF. 

We will define a symmetric bilinear form on l/'' as the restriction of a symmetric bilinear 
form (•, •) on iF''^ which is the sum over V of a form (•,•)„ for each vertex v. Let us choose a 
vertex v and describe (•, •)^. We are going to distinguish several cases, but in all cases, any edge 
which is not adjacent to V is in the kernel of (*, 

Let us now assume that v ^ vq. The loop I visits v twice. Let e™ and e°"* be the edges of E"*" 
through which / respectively arrives at v and leaves v at its first visit. Let and 62"* be the 
analogously defined edges for the second visit of / at v. Note that among the four edges which 
we have defined, the only two which can be equal are e°^^ and e™. 

Depending on whether e°"* 7^ or e°^* = e^2^ form (•, has the following matrix, 
respectively in the basis (e™, e°"*, e™, 63^*) and in the basis (e",e°^* = 62°, 62"*): 



/ i \ 





1 1 

■ 2 2 



1 _1 

2 2 





\ h -I 0/ 



-1 

or I -i 1 

1 _ 1 

2 2 



Let us treat the case where v = vq. Let e" and e°"* be respectively the last and the first edge 
traversed by /. If they are equal, we set (e™,e°"*)^(, = 1. Otherwise, {•,-)vo has the following 
matrix in the basis (e''^,e°"*): 

or 



As announced, we define a bilinear form on Z'^ by setting 



1=0 



By restriction, this defines a bilinear form on //^(G;Z) ~ iF'' . Note that, except in the case 
where I is a simple loop, none of the forms {■,-)vi sue non-degenerate, nor even semi-positive. 



Nevertheless, we have the following result, which immediately implies Proposition 6.33 



Proposition 6.34. The bilinear form (•, •) is symmetric, positive and Z-valued on 1? and the 
family {n^^, . . . , n;^ is an orthonormal basis oflF . Moreover, for each bounded face F of G 
an all i £ {0, . . . ,q — 1}, we have {F, n^.) = \nc{F, Vi). 
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Proof. Let us choose j G {0, . . . , g — 1} and compute (n^., n;^.). According to our identification 

of with a sub-module of , n^. (resp. n;^.) is the sum of the edges of E+ traversed by k 
(resp. Ij). 

We claim that n;. is in the kernel of (•, •)^ for each v 7^ fj. To start with, if v = vq, then 
Vi ^ Vo, so that li does not visit vq and the claim is true. Let us consider v ^ {vo,Vi}. At each 
visit at V, li arrives and leaves through the same strand of I. Hence, n/. is equal, modulo the 
sub- module generated by the edges which are not adjacent to f, to 0, or to one of the vectors 
e™ -|- e'j*"* and el^ + 62"*, or to their sum. If e'j'"* = e™, then v is either equal, modulo the same 
sub-module, to or to e™ -|- e°"* -|- 62"*. In all cases, it is in the kernel of (■, ■)y. 

This implies that (n;. , n;^) = if i 7^ j. Let us assume that i = j- At fj, n^. is congruent, 
modulo the sub- module generated by the edges not adjacent to Vi, to e^^^ + e^2i to e°"* in the 
case where ef"* = 63°, or e''^ -|- e°"* if i = 0. In all cases, (n;^, n;.) = 1. 

The family {n^g, . . . , n^^ j} is thus orthonormal. This implies that it is a basis of M'^'' and that 
the bilinear form (•, •) is a scalar product. 

Let F be a bounded face. Choose i G {0, . . . ,q — 1}. The element dF of Z'^^ is a sum of 
edges adjacent to F. Hence, OF is in the kernel of (•, ■)y for any vertex v which is not adjacent 
to F. Hence, {dF, n;.) = if t^j is not adjacent to F. Let us assume that Vi is adjacent to F 
and that e?"* ^ ef at v. If \nc{F,Vi) = 1, then F is cither ^^(65""*) or F^{ef). Hence, dF is 
congruent to one of the vectors e°"* -|- 62°, e°"* — 62"*, — e™ -|- or — e™ — 63"* modulo edges 
not adjacent to Vi. All these vectors are congruent modulo the kernel of (•, •)^. and in all cases 
we have {dF, n^.) = {dF, n;.)„. = 1. For all other values of inc(F, Vi) one checks in the same way 
that {dF, n;.) = \nc{F,Vi). The same equality holds if e°"* = 62°, and also \i v = vq. 

Since \'nc{F,v) is an integer and {Fi, . . . ,Fq\ is a basis of TF , the equality which we just 
proved implies that the scalar product is integer- valued on WF^ . This finishes the proof. □ 

It may be helpful to give a more informal description of the scalar product we introduced on 
i?^(G;Z). Since each element of i7^(G;Z) can be written, although non uniquely, as a linear 
combination of reduced loops in G, it suffices to understand the bilinear form evaluated on 
two loops. Let li and I2 be two reduced loops on G. The number {hjh) is the sum of local 
contributions, one for each pair formed by a visit of li at a vertex of G and a visit of I2 at the 
same vertex. At each vertex of G, two strands of I cross each other and we say that a loop 
which visits this vertex turns during this visit if it arrives along one strand and leaves it along 
the other. The number {li, I2) is the sum of the following contributions: 

• -|-1 for each pair of visits of h and I2 in the same direction at the vertex vq, 

• —1 for each pair of visits of h and I2 in opposite directions at the vertex vq, 

• +1 for each pair of visits of and I2 at a vertex distinct from vq, such that both li and 
I2 turn during this visit, and such that li and I2 arrive along the same strand of I, 

• —1 for each pair of visits of l\ and I2 at a vertex distinct from vq, such that both Zi and 
I2 turn during this visit, and such that h and I2 arrive along distinct strands of I. 

We are now able to explicitly invert the Makeenko-Migdal operator /v,. The last ingredient we 
need is a sign, which we denote by eo, which is equal to — inc(Foo, t'o)- Thus, £0 = 1 if and only 
if the first edge traversed by I bounds positively the unique bounded face to which it is adjacent. 

Proposition 6.35. For each vertex v G G;, let e'^^{v) he the edge traversed by I immediately 
after its first visit at v. For each bounded face F, the following equality holds: 

' ' 1=1 
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Proof. For each i £ {1, . . . ,q — 1}, we have 
(122) mi^^Mm = - 

j=i 3 

Thus, given a bounded face F, and since ^|;}(\^<I>t(/))(e°^*(vo)) = 0, we have 



i=l i=0 j=l 

9 



+ nz(F)^inc(F,-,t;o)^^t(0- 
j=i J 



To compute the first term, we use the fact that the matrices N and inc are each other's inverse. 
To compute the second term, we observe that the only non-zero contribution to the sum comes 
from the bounded face to which vq is adjacent and that for this face, the incidence number is Eq 
and the area derivative equals — ^^^(Z). Hence, we find 

9-1 , 

5^njF)/X|,}(V3$,(0)(erK)) = -^^^(0 " |n,(F)$,(0, 

which is the expected equality. □ 

The insight of Kazakov is to use on M'^'', rather than the usual coordinates, the coordinates 
a = (ao, . . . ,aq-i) given by 

9 

Vi G {0, . . . , g - 1}, ai{t) = '^hi^M^'j)- 

If t is the Lebesgue measure, then aj is the algebraic area enclosed by the loop Zj. Kazakov's 
main claim is that the alternated sum of derivatives with respect to the areas of faces around the 
vertex Vi, which appears in the Makeenko-Migdal equations, is the derivative with respect to a^. 
Given our previous results, this follows from the fact that for all smooth function if : — t- M 
and all i £ {0, . . . ,q — 1}, we have 

dip . , ^ , d 

— {ti,...,tq) = 2^\nc{Fj,Vi)—-Mti, . . . ,tq). 

2 i=i ^ 



For (p{t) = ^t{l), we find, using ( |122[ ), 

(123) ^^.(0--^-"^*^^^ ''' = '^ 



da^'^'' \ -^i{i}{V,p){eT\vi)) ifiG{l,...,g-l}. 

This relation has the following consequence. For all i G {1, . . . ,q — 1}, let us denote by li the 
loop obtained from / by erasing the sub- loop k. Let us also denote Ei = 1 if, at Vi, the edges 
62"* follows immediately e°"* in the cyclic order, and = — 1 otherwise. 

Proposition 6.36. For all i £ {0, . . . ,q — 1}, the following equality holds: 

dai ^' 1 eMli)^k) i/iE {!,...,(?- 1}. 



Proof This follows from (123) and (121). □ 
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We recover here the possibihty of computing the master field by a recursive algorithm. The 



differential system is simpler than that given by Proposition 6.30, but this is to the price of 
the use of more complicated coordinates. In his paper, Kazakov proposes, for loops of a special 
kind which he calls planar, a formula for <!?(/). Planar loops can be characterised recursively 
in a way which is reminiscent of the definition of non-crossing partitions. With the notation 
of this section, a generic elementary loop I is planar if it is a simple loop or if there exists 
i £ {1, . . . q — 1} such that k is a simple loop and k is planar. However, we were not yet able to 
analyse deeply enough Kazakov's formula to improve it or let it fit into the present work. For 
examples of non planar loops, see the last two loops in the table of the master field which we 
give at the very end of this work (Appendix [B|) . 

Let us conclude this work by the following consequence of our analysis of the Kazakov basis. 

Proposition 6.37. Let I be an elementary loop. Assume that each vertex o/G/ has degree 2 or 
4. Write = {Fi, . . . ,Fq}. There exists a real polynomial P in 2q variables such that for all 
t G C'^'', one has 

Ml) = P(t{Fi),e- — ,...,t{F,),e- — 
Proof. We prove the result by induction on the number of crossings of Z. If this number is 0, then 



the result follows from Lemma 6.31 , If the result has been proved for all loops with strictly less 



than n crossings and I has n crossings, then Proposition 6.35, the Leibniz rule and the induction 
hypothesis imply that for each bounded face F, 



d\F\ ' 2 

is a polynomial function of the variables t{Fi) and e 2 . It follows that ^t{l) is a polynomial 

function of t{Fi), e 2 and e 2 . However, since t 1— )• ^t{l) is bounded on (]R!j_) , it cannot 

involve any monomials of the form t{Fi)"'e 2 for integers a and b such that a > and 6 > 0. 
Hence, the result holds for I. □ 



Appendix 

A. Asymptotic freeness results 



In the course of our study, more precisely in Section |3.1[ we used a result of asymptotic 
freeness for large rotationally invariant matrices. In the unitary case, this is a classical result of 
Voiculescu [H]. In the orthogonal and symplectic cases, this is a result which was proved by B. 
Collins and P. Sniady in [8j. 

Despite the fact that these results are proved and well proved, we found it distressingly 
difficult, in the symplectic case, to sort out the signs in the definition of the action of the 



Brauer algebra ^n-2N on H®" and to arrive at the definitions (45) and (46). This may have 
had several reasons. One of them is our choice to view the symplectic group as a group of 
quaternionic matrices, whereas it is virtually always considered as a group of complex matrices 
in the literature. Yet another reason is that the symplectic case is often treated as a slight 
variation of the orthogonal case, and typically given less attention, as the sentence of Brauer 
quoted at the beginning of this paper illustrates (see the footnote [T]) . Let us emphasise that 
Collins and Sniady did not define this action, since in fact they did not use the multiplicative 
structure of the Brauer algebra at all in [8]. 
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In this appendix, heavily inspired by [8], we review the main arguments of the proof of the 
asymptotic freeness result in the three cases which we use, including all details in the symplectic 
case. We also take this opportunity to write down a formula for the action of the Brauer algebra 
Bn,-2Af on (C^^)®", derived from our definition of pn- 



A.l. Unitary case. Let us start by the unitary case. Let N and n be positive integers. Recall 
from (30) the definition of the representation p£ : C[6n] — ^ End((C^)®"), which we then 
still simply called p. Consider the endomorphism P acting on the vector space End((C''^)®") 
according to 

G End((C^)®'^) , P{A)= [ [/®"oylo(C/-i)®"(iC/. 

J\J{N) 

The invariance by translation of the Haar measure implies that P is a projection on a subspace 
of End((C^)®") which is contained in the commutant of the action of U(A^) on (C^)®". The 
fundamental assertion of Schur-Weyl duality in this context is that the range of P is thus 
contained in the range of pc (this is Theorem 4.2.10 of [13J). 

Collins and Sniady gave in [8] an expression of P{A) which makes this inclusion manifest. 
Let us consider the element X^o-eSn '^'^i^h is equal to A^"(id + 0{N~^)), and hence 

is invertible in C[Sn] for large enough, indeed for N > n as can be shown by a more 
detailed analysis. Its inverse is called the Weingarten function, and it is denoted by Wg = 
^cre6„ Wg((7)cj. A more explicit formula for Wg can be obtained thanks to the Jucys-Murphy 
elements Xi, . . . , Xn £ C[(5„]. They are defined by Ai = and, for all i E {2,...,n}, by 
Aj = (1 i) + . . . + (i — 1 i). Using the classical notation h for the complete symmetric functions, 
we have the equalities 

(124) Wg = f[iN + A,)-i = i^hkiXi, ...,Xn). 

1=1 fc>0 

Since for alH > 2 the spectrum of Aj in C[S„] is contained {—i + 1, . . . , i — 1} (see for example 
[33]), it is now apparent that Wg is well defined for N > n. We shall henceforward assume that 
N>n. 

Consider the endomorphism Q of End((C^)®"') defined by 

G End((C^)n , Q{A)=pciWg) TT{Aopc{a-'))pc{a). 

It satisfies Q{id) = id and Q{Ao pc{a)) = Q{A) o pc{(t) for all permutation a, so that it is also 
a projection. For all A G End((C^)®'^), the endomorphism Q{P{A)) is on one hand equal to 
Q{A), by definition of P and Q and because pc{(y) and JJ®"^ commute for all a S and all 
U E U(A). On the other hand, Q{P{A)) is equal to P{A), because the range of P is contained 
in the range of hence in the range of Q. Altogether, the representation p£ being understood 
on the right-hand side, we have for all A G End((C^)®") the formula 

(125) / f/®" o ^ o (iJ-i)®" dU = WgY Tr(A o a-^)a. 

Jv(N) .7^ 
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From this equation, and using the fact that Wg, being central in C[(3„], satisfies Wg(cr) = 
Wg{a~^), it follows that for all Ai, . . . , An and Bi, . . . , Bn in MAr(C), one has 

/ iT{UAiU-^Bi...UAnU'^Bn) dU = 

Jv{N) 

= ^ / Tr(C/®'^ oAi0...(g)AnO oBi0...0Bno{n...l))dU 

^ Jv{N) 

(126) "^2^ Wg((JT(n...l))Tr(^i0...® A„o(7-i)Tr(5i0...®5„or-i). 

Let a G 6^ be a permutation with cycle lengths mi, . . . , nir. Let us denote by |o"| = n—i{a) = 
n—r the distance between a and the identity in the Cayley graph generated by all transpositions. 
From the second characterisation of Wg given by (124), it is possible to deduce that 



i=l 

1 (2m\ 



where Cm = ( m) is the m-th Catalan number, characterised by the relations Co = 1 and 
Cm+i = '^T=G^kCm-k- Thus, using the notation d{a,T) = \(t~^t\ for the distance on the 
Cayley graph of ©„, we find the highest power of N which appears in the generic term of the 
sum ( 126| ) above to be 

£{a) + i{T) - 1 - n - \aT{n . . . 1)| = d{id, (1 ... n)) - d{ld, a) - d{a, err) - d{aT, (1 . . . n)). 

This power is non-positive, and it is zero if and only if id, a, ar and (1 . . .n) are located in 
this order on a geodesic. We shall use the notation o"i =^ (T2 to indicate that cJi is located on a 
geodesic from id to a2- To the highest order, the sum (126) is thus restricted to the sublattice 
of S„ formed by the permutations a such that id =^ a =^ (1 . . .n). This lattice is isomorphic 
to the lattice NC„ of non-crossing partitions (see |1]). Moreover, for o"i,(T2 in this lattice, with 
C7i ^ (72, the Mobius function ^((Ti,(T2) is equal to (— 1)'^^'^^''^^^ ni=i ^'m—i, where the product 
runs over the cycles of (T2crf"'^, of length mi, . . . , nir (see |39j). 
Then, using the notation 

Pa{Ai, . . . , An) = W ix{Ai^ . . .Ai^) and K„{Ai,. . . ,An) = Kr{Ai^, . . . , Ai^), 

c cycle of (T c cycle of a 

C={il...ir) C=(il...ir) 

where Kr denotes the free cumulant of order r in the non-commutative probability space (M^r (C), tr), 
we have 



/ tr{UAiU-^Bi . . . UAnU'^Bn) dU 

Jv(N) 



= J2 Kr,cT-Hl...n))p^{Ai,...,An)pr{Bi,...,Bn) + 0{N-^) 
o-=<;(l...n) 

T^a^^{l...n) 

= PA^l,---,An)K^-Hi,„n)iBu...,Bn)+OiN-^) 
a4{l...n) 

= MAl,...,An)Kpv{Bi,...,Bn) + 0{N-^), 

I3£NC„ 

where in the last line we used the classical notation rg for the non-commutative moments and 
for the Kreweras complement of a non-crossing partition /3. The last equation which we have 



122 



THIERRY LEVY 



obtained implies classically the asymptotic freeness of the families {UAiU ^, . . . ,UAnU ^} and 
{Bi, . . . , Bn}. 

A. 2. Orthogonal case. In the orthogonal case, things are slightly different but the proof starts 
as in the unitary case. Let us define the endomorphism P of End((M^)®") by 

G End((M^)®") , P{A)= [ i?®'^ o ^ o 

JsO{N) 

Instead of pc we shall naturally use the homomorphism of algebras : B„ jy ~^ End((M^)®") 



(see (36 ) for the definition of p^). From the first fundamental theorem of invariant theory in this 
case, stated in [13j as Theorem 5.3.3, it follows by elementary algebraic manipulations that the 
range of P is contained in the range of p^. We shall give more details on these manipulations 
in the symplectic case. 

The appropriate definition of Q is slightly different from that used in the unitary case. For 
aU A G End((M^)®") we define an element Qo{A) of Bn,N by setting 

Qo{A) = Tt{Aop^Ctt))7t. 

We shall prove in a moment that for N large enough, Qq restricts to a bijection between the 
range of pM and Bn^N- It is proved in [8] that this is true as soon as N > n. We denote by Wg^y 
the reciprocal bijection, so that 

Wg^ = (go|p«(B„,^))"' : B„,^ ^ PR(Bn,N) C End((M^)®"). 

We shall use the notation Wg(7r) = J^ir'e'Bn Wg^(7r, 7r')/9K(7r'). 

Now for all endomorphism A, we have on one hand (Wg^ o Qq)(P(A)) = (Wg o Qq)(A), 
because p]R(7r) and R'^^ commute for all tt G QS^ and all R £ SO{N). On the other hand, we 
have (Wgjv ° Qo){P{^)) = P{A) because P{A) belongs to the range of pu- Hence, the formula 
corresponding to ( 125| ) in the orthogonal case is 



(127) / i?®"o^o(fl-i)®"d[/= V Tr(^oV)Wgjv(vr). 

As in the unitary case, it follows from this equation that for all yli, . . . , An and Bi, . . . , Bn in 

MAr(]R), one has 

/ tT{RAiR-^Bi . . . RAnR'^Bn) dR = 

JsO{N) 

(128) = ^ Wg^(7r,^')T>(^i«'---® A°MTr(Si«)...«)S„o(n...l)7r'). 

7r,7r'G'B„ 

In order to analyse the asymptotic behaviour of this formula, we need to determine Wgjv('?r, vr') 
to the highest order in A'^. The key point is that the set *Bn of Brauer diagrams is endowed 
with a natural distance which plays here the role played in the unitary case by the distance in 
the Cayley graph of <3„. The distance on 55^ can be defined in several equivalent ways, and we 
pause briefly to gather some of these definitions. 

We defined the elements of 55^ combinatorially, as the partitions of {1, ... , 2n} by pairs, but 
there are other natural ways to define them. In particular, given an element tt of !B„, there is 
a unique element of &2n whose cycles are the pairs of vr, and the correspondence vr i— )• is 
a bijection between and the set l2n of fixed point free involutions of {1, . . . , 2n}, which is a 
conjugacy class in ©2n- The group 62n acts on *B„ through its natural action on {1, . . . , 2n}, 
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a permutation a transforming a partition vr = {{i,j}, ■ ■ ■} into a ■ it = {{a{i), a{j)}, . . .}. It 
also acts by conjugation on and the map i : *B„ — )• l2n is equivariant, in the sense that 
ia-TT = aij^a^^. In QS^, there is a distinguished element id, which is for all A the unit of the 
algebra Bn^x, and which satisfies iij = (In + 1) . . . (n2n). The stabiliser of id under the action 



of &2n on QSn is the hyperoctahedral group Hn (see Section 2.7). The group Hn is also the 
centraliser of iij- The choice of id G *B„ thus determines a bijection between *B„, and the set 
&2n/Hn of left if„-cosets in &2n- We denote hy n ^ C-^ this correspondence. 



Recall that we defined in Sec tion 2.6 the number ^(vr). Recall also the operations Safi and 
Fa f, which we defined in Section 3.4 Finally, let us denote by *7r the pairing iid • n, obtained by 



flipping the box which represents vr upside down. 

Lemma A.l. Let vr and vr' be two elements of^n- The following numbers are equal. 

1. The minimal length of a chain vr = 7ro,7ri, . . . ,7rr = vr' such that each element is obtained 
from the previous one by an operation SaM- 

2. The smallest distance in ©2™ between the identity and an element a such that a ■ it = it' . 

3. The smallest distance in &2n between an element of C-,^ and an element of Ct^i . 
4- The number n — ^(^vrvr'). 

5. One half of the distance in G2n between ij^ and i-,^/ . 

We denote these five numbers by d(7r,7r'). The function d is a distance on *8n, which makes 
it a metric space of diameter n — 1. The action of &2n on QSn induced by its natural action on 
{1, . . . ,2n} and the actions of &n by left and right multiplication on *B„ C -Bn,A preserve the 
distance d. The inclusion S„ C 5Sn is an isometry. Finally, any shortest path in *Bn between 
two elements of &n stays in ©„. 

Proof. Let us denote by d\,...,d^ the five numbers as they are defined in the statement. 

The equality di = d2 follows from the identity ^^^^(Tr) = (ab) ■ vr, which hold for all vr G 
and all a, 6 G {1, ... , 2n}. 

Let us think of the set Ct^ as the set {a G &2n : a • «id = tt}. From the equality 

{a G &2n : a • vr = vr'} = {a20-^^ ■ cri G C^, (T2 G C^'} 

of subsets of &2m it follows that d2, which is the distance of id to the subset on the left-hand 
side, is equal to d^, which is the distance of id to the subset on the right-hand side. 

The number £(*vrvr') is the number of loops formed by the superposition in one single box of 
the diagrams of vr and vr'. In this picture, each loop contains an even number of edges, and since 
there are 2n edges altogether, there are at most n loops. Moreover, there are n loops only if each 
loop has length 2, and this happens only if vr = vr'. Now let us prove that d2 < d^. If ^4 = 0, 
this follows from our last remark. If ^4 > 0, then vr 7^ vr' and there is at least one loop of length 
at least 4. There exists i, j, /c, I G {1, . . . , 2n} such that {i, j} and {k, belong to vr and {j, A;} 
belongs to vr'. Then ^(*(5'jy (vr)), vr') = £(*vr7r') — 1. Iterating this argument, we find that we can 
go from vr to vr' in ^4 applications of an operator Sa,b- Hence, d2 < ^4. On the other hand, it is 
even easier to check that the application of an operator Sa,b cannot increase or decrease £(*vrvr') 
by more than 1. Following a minimal chain of applications of the operators Sa,b leading from vr 
to vr', we find ^4 < ^2- Finally, ^2 = ^4- 

The permutations i-,^ and v/ are involutions, so that their distance in 62n is equal to 2n minus 
the number of cycles of their product i-jri-w' ■ The image of an integer j by this product is easily 
computed on the diagram formed by the superposition of those of vr and vr', by following first 
the edge of vr' issued from j, thus arriving at an integer k, and then following the other edge 
issued from k. The permutation i-jTi-K' has thus exactly twice as many cycles as the superposition 
of the diagrams of vr and vr'. Hence, d^ = d^. □ 
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Note that, up to the multiphcative factor involved in the definition of -Fa, 6) the effect of an 
operator Fa^b on a diagram can always be obtained by the action of an operator Sa^- Thus, in 
the definition of the first number above, we could have replaced S by F. 



— d(7r,7r') > 



Lemma A.l implies the equality of matrices 

In particular, N^"' times this matrix tends to the identity matrix as tends to infinity, so 
that it is invertible for N large enough. This implies that, for N large enough, the family 
{/OrCtt) : vr G 5S„} is linearly independent. Moreover, the same matrix is the matrix of the 
restriction of Qo to pM.(Bn,N) with respect to the bases {/9K(7r) : tt G QS^} and !B„. Thus, we 
have proved that this restriction of Qo is invertible for N large enough, as promised. Finally, 
this equality implies 

'y ^ ]y-d(n,TTi)-d{Tri,n2)-...-d(TTr-iy) 
7ri,...,7rr_i£23„ 

where the sum is taken over all the chains vr, tti, . . . , tt^-i, tt' in which each term is different 
from the next. The term of highest order is provided by chains for which the exponent of N is 



(129) 



Wg 



N 



IT, vr 



N- 



r>0 



i-iy 



— (i(vr,7r'). The highest power of N which appears in the generic term of (128) is thus 

^(vr) + i{{n . . . l)7r') - n - 1 - ^(vr, vr') = d(id, (1 ... n)) - d{id, vr) - d(vr, vr') - d(^', (1 . . . n)), 

using the invariance of d under left multiplication by (1 . . . n). This power is non-positive and 
equal to only if vr and vr' are located in this order on a same geodesic from id to (1 . . .n). 
Lemma A.l asserts that a necessary condition for this is that vr and vr' belong to ©„. We must 
then have id ^ vr ^ vr' ^ (1 . . . n). Moreover, in this case, we recognise in the expression of the 
term of highest order of Wgjv(vr, vr') given by (129) the value /i(vr,vr') of the Mobius function of 
the lattice NCn. We thus obtain 



/ tT{RAiR-^Bi . . . RAnR'^Bn) dR 

JSO(N) 



. An)Pia')-Hl...n){Bl, ■ ■ ■ , Bn) + 0{N 



-1\ 



ISO{N) 

a-^o-'4(l...n) 

= Ka'{A-l,---,An)p(^„,)-^i,„n){Bi,...,Bn)+0{N 
a'^{l...n) 

= Y K^{Al,...,An)Tpv{Bi,...,Bn) + 0{N-^), 

^eNC„ 

and conclude as in the unitary case to the asymptotic freeness of the families {RAiR~^ , 
and {Bi, . . . ,S„}. 



,RAnR-'} 



A. 3. Symplectic case. Let us finally treat the symplectic case. As in the unitary and orthog- 
onal cases, we shall use an instance of the first fundamental theorem of invariant theory. This 
theorem is usually stated for the symplectic group Sp(A^) seen as a subgroup of GL(2A'", C), 
indeed of U(2A^), and acting on tensor powers of C^^. We start by stating and proving the 



quaternionic version of the first fundamental theorem. Recall from (46) the definition of the 
homomorphism of algebras : Jin-2N — ^ Mjv(IHI)®". 

Theorem A. 2. Consider the action of the group Sp(A^) = U(A^, H) on the real algebra MAr(]HI)®" 
given by S ■ (Mi (g) . . . (g) M„) = SMiS''^ (g) . . . (g) S'M^S'-^ 
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1. For all IT G the element pui"^) 0/ MAr(IHI)®"' is invariant under the action ofSp{N). 

2. The real linear subspace o/Mjv(IHI)®" consisting of the invariant tensors under the action of 
Sp(A^) is spanned over M by the tensors {p^{Tr) : vr £ ^n}- 

Proof. 1. A direct computation does not seem to be the simplest way to check this assertion. 



Instead, it follows from Lemma 2.6, which implies that for all Mi, . . . , Mn G Mi\f{M.), all tt G 
and all S G Sp(A^), the equality 

(-23^Tr)®'^(5®>H(vr)(5-i)®" o Mi . . . M„) = (-25RTr)®'^(/>H(vr) o Mi ® . . . ® M„) 

holds. It suffices then to observe that the bilinear form {R,T) 1— (— 2KTr)®"(i2 o T) is non- 
degenerate on Mn{B.)'^". 

2. We shall deduce this assertion from the classical description of the tensor invariants of 
Sp(iV), as given by Theorem 5.3.3 in |13j . In this theorem, the group Sp(A^) is defined as the 
subgroup of U(2A^) which preserves the antisymmetric bilinear form uj on whose matrix in 

-In 



the canonical basis is J 



In 



Recall that in Section 2.1 we considered a homomorphism of algebras M 1— )• M, which we 
now denote by i : Mjv(]H[) — )• Af2Ar(C). A tensor of Mn(J^)^'^ is invariant under the action of 
Sp(iV) C MnO^) if and only if its image by t®"' is invariant under the action of Sp(A^) C M2n{'C). 
The classical invariant theory describes the invariant tensors in M2Ar(C)®". 

Theorem 5.3.3 of [13] describes in fact the space of invariant tensors in (c2Af -10271 j-^ther than 
-^2Af(C)'®", and asserts that this space is spanned by the orbit of a certain tensor 6, which we 
shall characterise in the next paragraph, under the natural action of the symmetric group &2n 

on (C2^)®2n. 

In order to describe 9, let us consider the isomorphism v 1— t- uj{-,v) from to (C^^^)* 
determined by the non-degenerate bilinear form oj. This isomorphism allows us to build another 
isomorphism 7 : — )• (8> (C^^)* — >■ M2Ar(C) which can be described matricially 
as sending X (g) y to —X^YJ, or in coordinates, if (ei, . . . , e2Ar) denotes the canonical basis of 
C^^, as sending a ej to —EijJ. The tensor 6 is characterised by the equality 7'®"(0) = if^. 

In order to apply the theorem of [13|, it remains to understand the action of ©2n on M2Ar(C)®" 
inherited through 7®" from the natural action on (c2Af-j(g)2n^ Since 7(ej(8)ej) = —EijJ, the action 
of a permutation a G &2n is determined by the fact that, for all ii, . . . , i2n G {1; • • • ; 2A^}, 

Let us define, for ah vr G 53^, the tensor r/(7r) G M2Ar(C)®" by 

2N . . 

(130) vM= Yl ( n -/..d^Win®---«5i?.,„.„oJ««. 

ii,...,i2n=l ^ {k,l}eTT 
k<l 

One checks easily on one hand that ?7(id) = if^ and on the other hand, for all a G 62n and all 
vr G that rj{a • vr) = cr • ?/(vr). It follows that the space of invariant tensors in M2Ar(C)®"' is 
spanned over C by {??(7r) : vr G 55^}. 

We claim that for all vr G 5S„, ij^tt) belongs to the range of l^"' and more precisely that, with 
an indeterminacy on the sign which we shall lift later, 

(131) r?(7r) = ±.®-(pe(vr)). 

This follows from two observations, of which we leave the verification to the reader. The first 
observation is that for all Brauer diagrams tti and tt2, one has either ry(7ri7r2) = f?(vri)ry(7r2) 
or r]{7ri7T2) = — ??(7ri)r7(7r2). This is best understood graphically by representing //(tt) by a 
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box with n edges as we did for vr in Section 2.5 with the additional features that each edge 
carries a matrix J, and that there is a box representing J®" below the box representing vr (see 
The second observation, which is checked by direct computation, is that for all 
n}, we have i-'^"' {pmii j)) - 



Figure [30|). 
distinct i,j 



G we have i^'^ipmiij)) = -'nii'ij)) and i'^"- {pmii j)) = -vi.i'i j))- Since 

transpositions and contractions generate the Brauer algebra, our claim is proved. 



A Jab 

b 





17(71) 

Figure 30. The diagram on the right represents r/(7r). Since *J = —J, the 
orientation of the triangles representing J matters. The way in which we ordered 
the pairs {A:, Z} in the definition of /^(vr) is reflected in the fact that we orient 
the vertical edges downwards and the horizontal edges leftwards. An elementary 
parity check suffices to convince oneself that "^{7:11:2) = ±7/(711)77(712). 



We can now consider an invariant tensor T in M7v(IHI)®". We know that l'^'^{T) is a linear 
combination with complex coefficients of the tensors r/(7r),7r E !B„. It remains to prove that the 
coefficients of this linear combination can be taken to be real. 

For this, we prove that Im(i®"') n ilm(i®") = {0}. Indeed, the range of l in M2Ar(C) is the 
real subspace {M £ M2n{C) : —JMJ = M}. Thus, any tensor R in the range of i®" satisfies 
jmjljm = (_!)"/?. Since J^^-JRJ^'' = (-1)"+Mi?, the tensor \R does not belong to the range 
of i®", unless R = 0. 

Let us assume that l^"{T) = Yln<=^ C7r77(7r), for some complex coefficients Ctt which we 

,rm(^T) - «-^(^) belongs to 



write + i^Tr with a-j^ and b^^ real. Then X^^gsg^ \bT^rj{Tr) 
Im(/,®"') n ilm(i®") and hence, according to our last observation, vanishes. Using (131) and the 



fact that t®" is injective, it follows that T = ^^gig^ ±a-,^pfi{TT), which concludes the proof of 
the theorem. □ 

Having reached this point, and although this is not strictly necessary for our purpose, we 



will indulge in taking the time to determine the exact sign which appears in (131). For this. 



we use again the characterisation of peC^r) given by Lemma 2.6 Since l commutes with the 
adjunctions and satisfies the equality Tr(i(M)) = 2KTr(M), it follows from Lemma 2.6 that, for 
all Ml, ...,Mne M2n{C) and all vr G !B„, we have 

(-l)^W 



-l)'^T¥®'^(.®"(/5H(vr)) o Ml ® . . . ® M„ 



n T^iM*:' 



{il...ia)^crT, 



where M*' equals Mi if e^(z) = 1 and M* if e^(i) = -1. 

Let 7r S *B„ be a Brauer diagram. We shall now compute Tr®"(r/(7r) 



Ml 



M„), and 



for this we need to define a few more integers depending on tt. Recall from Section 2.7 the cycle 



structure on {1, ... , 27i} which we attached to tt and the way in which we oriented it. Let us call 
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vertical edge a primary edge which joins a point at the bottom of the box to a point at the top 
of the box which represents vr. Let us call horizontal edge a primary edge which is not vertical. 
Let us define V-{tt) as the number of vertical edges which are oriented downwards and h-{ir) 
the number of horizontal edges which are oriented leftwards. Let us also define n_(7r) as the 



number of indices i G {1, . . . ,n} such that e7r(i) = —1. Then as a variation on (44), we have, 
for all Ml, . . . , M„ G i(M7v(E[)) and all vr G *B„, 

Tr®"(r/(7r) o Mi ® . . . M„) = W+'^- W JJ Ti{M*^' . . . M*^^). 

(ii...is)4o-TT 

Let us emphasise that this formula holds as such only for complex matrices Mj which are in the 
range of l, and hence satisfy ,PMJ = —M*. 

The sign which appears can be slightly simplified as follows. Let /i(vr) and h+{7r) denote 
respectively the number of horizontal edges and the number of horizontal edges oriented towards 
the right. Then plainly /i('7r) = /i+(vr) + /i_(7r). Moreover, n_(7r) = f_(7r) + ^^(vr). Indeed, 
the bottom end of each vertical edge oriented downwards carries a sign 8-,^ equal to —1, as 
does exactly one end of each horizontal edge at the bottom of the box. It remains to observe 
that there are as many horizontal edges at the bottom and at the top of the box. Finally, 
t;_(7r) + /i-(7r) + n_(7r) has the same parity as ^(/i+(7r) — /i_(7r)). 

Altogether, using again the fact that the bilinear form (R, T) i— )• Tr®"'(i?r) is non-degenerate, 

we find the equality i®"(m(7r)) = W)r,(7r). We have thus proved the 
following. 

Proposition A. 3. Let n,N be two positive integers. The mapping p'^ : *B„ — t- M2Ar(C)®" 
defined, for all vr G by 



2N . . 



k<l 



extends by linearity to a homomorphism of algebras : B„^_2Ar — s- M2n{C)^^. 

This digression is now over and we come back to our main problem of asymptotic freeness. 
To start with, let us define the endomorphism P of the real algebra Mn{M)^'^ by setting 

G Mjv(IH)®" , P{A) = [ 5®" o ^ o (5-^)®" dS. 



By Theorem A. 2 , the range of P is contained in the range of pn- In order to make this inclusion 
explicit, let us define, for all A G Mjv(]H[)®", an element QoiA) of Bn-2N by setting 

Qo{A)= ^ (-25RTrf"(AopH(V))7r. 

Since pe is a homomorphism of algebras, and thanks to Lemma [2. 6| and Lemma [A.l[ we have 

((-23?Tr)«"(pH(7ri)m(*vr2))),^,,,,^„ = (-2iVr((-2iV)-'^('^'-')).,..e25„. 

Just as in the orthogonal case, this matrix is invertible for large enough, and so is the 
restriction of Qo to pm{^n,2N)- We denote by Wg_2iv its inverse and shall use the notation 
Wg_2^(vr) = Ett's-B^ Wg_27v(7r,vr')/>R(vr'). 

Consider A G M7v(H)®". On one hand, (Wg_27v ° Qo){P{A)) = {Wg_2N o Qo){A), because 
PhCtt) and 5®" commute for all vr G and all S G Sp(A^). On the other hand, (Wg_2Ar o 
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Qo){P{A)) = P{A) because P{A) belongs to the range of p^, as we know by Theorem A. 2 
Hence, the formula in the symplectic case is 

[ S'^^oAo (5-1)^" dS= T (-2KTV)«"(yl o pH(*vr))Wg_2^(7r). 

From this we deduce, for all ^i, ... , An and Bi, . . . , Bn in Mjv(IHI), 
/ mi{SAiS-^Bi . . . SAnS-^Bn) dS = 



^ E Wg_2^(7r,^')(-2KTrf"(^i$D...^$^„ope(*vr)) 



2N 

7r,7r'e*B„ 

(132) (-23?Tr)®"(Si ® . . . ® B„ o pj^{{n . . . l)7r')). 

The same computation as in the orthogonal case, with N replaced by —2N shows that the 
highest order of in Wg_27v('^) is — d(7r,7r'). The dominant terms of (132) are thus of order 
in N, so that the constant —2 disappears, and the coefficients are, for the same reason as in 
the orthogonal case, given by the Mobius function of the lattice NC„. We thus find 

/ mr{SAiS-^Bi . . . SAnS-^Bn) dS = 

Jsp{N) 

E p{a,a') H mr{A,,...AiJ [] mr(B,-, . . . 5, J + O(iV-i). 

a4a'4{l...n) (n...i,.)=!^o- {ji...js)4{n...l)a' 

Let us modify the definition of Pa- to suit the symplectic case, by setting 

p^{Ai,...,An) = Yl 3^tr(^i, ...AiJ. 

c cycle of a 

C=(il...jr) 

The cumulants are defined by the usual relation Ka = Z^o-'^o- /^('^'' finally have 
/ miiSAiS-^Bi . . . SAnS-^Bn) dS = 

= K'^,a')p^iAi,...,An)p(^^>)~i(^i,„n)iBi,...,Bn) + OiN-^) 

(7^(7'4{l...n) 

= Y l^a'iAi,...,An)p(^,>)-i^i,„n){Bi,...,Bn) + OiN-^) 
a'^{l...n) 

= Y '^/3(^l,---,^n)r/3v(5i,...,B„) + 0(iV-l) 

/3eNC„ 

and conclude as before to the asymptotic freeness of the families {SAiS^^, . . . , SAnS~^} and 
{Bi, . . . ,Bn}. 



B. Table of the master field 

We give a table of the values of the function <I> on all elementary loops with no more than three 
points of self-intersection. We start with the unique loop without self-intersection and the two 
loops with one point of self-intersection. Each face is labelled by the letter which denotes its area. 
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And finally the twenty loops, up to isotopy, with three points of self-intersection. 
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g-|(si+S2+S3+S4) 




g-f-tl-t2-f (1 -3u+ |tt2 - ti{l - U)){1 - t2) 






e-2 2 (1 - tie-*2-«(l - u)) 



g-i(5i+.2)-t-f (1 - 3u + - t{l - u)) 



+8uv — \u'^v — Auv^ — tuv — \tv^ + 3to) 



g-i(.i+.2)-ti-t2(i_^^-)(l_i2) 





g-f -*1 (g-*2 + g-t3 - (1 + tl)e-*2-t3) 



5(«1+S2+S3+S4) 



e 2 



g-5(si+S2+S3)-t 



g-i(5l+.2)-tl-t2(l_i^)(l_i2) 
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-|-tl-t2-t3 



e 2 



(l-tl)(l-t2)(l-t3) 



e-5(^i+^2)-*i(l-iie-*2) 



e 2 



h{si+S2+S3)-t(-l _ 



(l-t) 



g-f-tl-t3(l_i^g-t2)(l_i3) 



e-f-*i-¥ (e-*2(l - 3u + - (1 + ti){l -u)) + l-u) 



-t{l - {Ul + U2)) + niU2(2 - t - + U2))) 



e-2-*-^-^ (e-"2(ui(i + - 1) + luf) + l-t~ 2ui) 



-h{si+S2+S3)-t 



e 2 



(l-t) 



g-5(si+S2)^g-tl _j_ g-t2 _ g-tl-t2^ 
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